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A GENERALISED KUMMER’S CONJECTURE

MJR MYERS

ABSTRACT. Kummer’s Conjecture predicts the rate of growth of the relative class numbers of cyclo-
tomic fields of prime conductor. We extend Kummer’s Conjecture to cyclotomic fields of conductor
n, where n is any natural number. We show that the Elliott-Halberstam Conjecture implies that this
Generalised Kummer’s Conjecture is true for almost all n but is false for infinitely many n.

1. INTRODUCTION

Let Q(¢n) be the mth cyclotomic field, where (,, is a primitive mth root of unity for an integer
m > 1. Let hy, denote the class number of Q((,,) and A, be the class number of its maximal real
subfield Q(Gm, + (0.

Kummer proved that the relative class number h,,, = h,,/h; is an integer, and in 1851 he claimed
([7], pg. 473) that the rule for the asymptotic growth of h,, as the prime p — oo is given by the

formula
p(p+3)/4

sz G (1)
Kummer never published a proof of his claim, and the modern, rigourous reading of Kummer’s asser-
tion, that

li y 1
im —— =
p—oo G(p)
has become well-known as “Kummer’s Conjecture”.
As it stands, Kummer’s Conjecture remains unproven; however, Ankeny and Chowla [I] showed

that
log(h,, /G(p)) = o(log p)
as p — oo. Murty and Petridis [9] proved what they called the Weak Kummer’s Conjecture. They
showed that
there exists a positive constant ¢ such that
My
R
holds for a sequence of primes p;, where the number of primes p; < x is asymptotic to x/logx as
xr — oo. With the additional assumption of the Elliott-Halberstam Conjecture, they were able to
prove a stronger result. Recall that this conjecture says
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Conjecture 1.1 (Elliott-Halberstam Conjecture). For any 6 > 0 and any A > 0,

where 7(y, k,l) equals the number of primes p <y such that p =Ilmodk, and liy = f2y 15%.

Murty and Petridis showed that the Elliott-Halberstam Conjecture implies that for every ¢ > 0
there exists an z. such that

P
G(p)
holds for all primes z. < p < x, with the exception of a set P(e) such that

H{p € P(e) : ze < p < z}| = o(mw(x)).

Hence Kummer’s Conjecture concerning class numbers of cyclotomic fields is related to the density
of primes in arithmetic progressions. Kummer’s Conjecture is also related to pairs of primes. The
Hardy-Littlewood Conjecture posits the existence of > z/ log? z primes p < x such that 2p+ 1 is also
prime; in 1990 Granville [3] proved that the Elliott-Halberstam Conjecture and the Hardy-Littlewood

Conjecture together imply that Kummer’s Conjecture is false. In that same paper Granville offered
heuristic reasoning for believing that for all primes p

(log logp)_1/2+0(1) < h;/G(p) < (log 1ng)1/2+o(1)7
and that these bounds are the best possible.

More recently, Lu and Zhang [8] proved that for any fixed ¢ > 0, there is a positive number @
depending only on € such that for all primes p > Q,

e M~ (log p) ™1 < by /G(p) < *¥p*(log p)°.

In this paper we extend Kummer’s Conjecture to composite numbers; that is, for natural num-
bers n and a suitable function G(n) (see (2])), the Generalised Kummer’s Conjecture predicts that
lim,, o0 by, /G(n) = 1. We prove a composite moduli analogue of Murty and Petridis’ Weak Kum-
mer’s Conjecture:

1—€e<

<l+4e

Theorem 1.2. Let w(n) the number of distinct prime divisors of n. Then

h
—w(n) n w(n)
e < Gn) <e

holds for all but o(z) natural numbers n < x.

Moreover, assuming the Elliott-Halberstam Conjecture, the Generalised Kummer’s Conjecture is
true for almost all n and is false for infinitely many n. More precisely we have the following two
results.

Theorem 1.3. Assume the Elliott-Halberstam Conjecture. Then for every € > 0 there exists an x.
such that

h
1— n 1
6<G(n)< +e€

holds for all natural numbers n > x. with the exception of o(x) natural numbers n < x.

Theorem 1.4. Assume the Elliott-Halberstam Conjecture. Then the Generalized Kummer’s Conjec-
ture fails for infinitely many natural numbers n.
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2. GENERALISED KUMMER’S CONJECTURE

For the cyclotomic field Q((,), one may obtain the formula (see pg. 42 of [11]):

\Md/d*
ha = e 11 L0 (1)

x modn
x odd

Here d,, is the discriminant of Q(¢,,) and d;| is the discriminant of Q(¢, +¢;;!). Also, w is the number
of roots of unity in Q({,), and @ = 1 if n is a prime power p” and @ = 2 otherwise.
By Proposition 2.7 in [11],
né®)
Hp‘n po(n)/(p=1)’

d, = (—1)¢(m)/2

and by Lemma 4.19 in [I1],

p(dh)? if n =p" with p # 2,
4(df)? ifn=2",
(df)?

otherwise.

Hence we see that

¢(n)/2
1 n
h;L = an - L 17 )
<2W [Lpnp H (X

x odd
x modn
with
2p" /4 if p = p” with p # 2,
ortl/2 iy =927,
Ay =
" 4dn ifoddn #p" ,
2n if even n # 2" .
Let
$(n)/2
1 n
Gn)=an | —,|=—— 2
= | 5o\ [T 2)

Then the composite moduli form of Kummer’s Conjecture may be stated as follows.
Conjecture 2.1 (Generalized Kummer’s Conjecture).
h,, ~ G(n)
as the natural number n — 0.
As in [I0], we can rewrite the product of L-functions in () as

Il Z.x) =exp (@ n) ,

x modn
x odd
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where f,, = lim,_, fn(x) and f,(x) is the finite sum

fn(x) — Z Cn(r)

r

r<z
with
1 ifr=¢™=1modn,
cn(r)=4¢—1 ifr=¢™=—1modn,
0 otherwise

where ¢ is a prime and m > 1.

Clearly the Generalized Kummer’s Conjecture is true if and only if f, = o (L) .

é(n)
3. LEMMAS
We will need the following theorems which are also used in [9].

Lemma 3.1 (Siegel-Walfisz Theorem). For any constant A > 0, there is a constant ¢(A) > 0 so that
uniformly for x >3, 1 <k < (logz)4, (k,1) = 1, we have

.
m(x, k1) = % +0 (xe_c(A)Vlogx> .

Lemma 3.2 (Bombieri-Vinogradov Theorem). Assume x > 2. For any A > 0 there exists B =

B(A) > 0 such that
T

Y. Blok) <a—p
2 log” x
logBac

where

E(z,k) := max max
y<z (k,l)=1

Lemma 3.3 (Brun-Titchmarsh Theorem). For k < z, (k,l) =1,
2z
¢(k)log(z/k)
Lemma 3.4 ([6], pg. 124). Let [ be a fixed, non-zero integer, and €, A, B positive real numbers where

A > B+ 30. Then for any numbers  and X such that /2 < X < zlog™* z and z > xo(e, B), we
have

w(y,k,l) - hy ‘

m(z, k1) <

(4+e)x
m(x, k1) < o0k Tog X

for every k such that X < k <2X, and (I,k) = 1, except for at most X log™B z exceptional values of
k.

Lemma 3.5 ([9], pg. 298). Fixzl and k, (I,k) = 1. The number of primes x < p < 2z such that kp+1
s also prime is

uniformly for k < z2.
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Lemma 3.6 ([9], pg. 298). There is a constant ¢ such that, as T — oo,

ST(1-2) ~er

Lemma 3.7 ([10], Corollary 3.6). The number of solutions modn to ™ = lmodn (or to 2™ =
—1modn) is at most 2m*™ | where w(n) is the number of distinct prime divisors of n.

Let A be some constant greater than or equal to e. A slight modification of Hardy and Ramanujan’s
original proof in [5] of the normal order of w(n) shows that the number of n < x such that w(n) >

_x

Tog7 |- More specifically, we have

Aloglog x is 0(

Lemma 3.8. For any constant A > e,
T

<uz: > Alogl .
|{n = w(n) 08 l0g $}| < (log $)1+AlogA—A(log log $)1/2

Proof. Let
m(x, k) = Z 1 and S= Z m(xz, k+1).
?S)m k>Aloglog x
w(n)=k

Lemma B of [5] gives us the uniform upper bound

Lz (loglogz + D)*

k+1
m@ k+1) < log k! '

where L and D are absolute constants. Clearly, then

Lz Z (loglogz + D)*
log = k! '

k>Aloglogx
Write € = loglogx + D and let k; be the smallest integer greater than A¢. Then

k k1 2
Z% < 5—[1+ < . < +]

|
S Joy! 1l Gt )k 12)

gk 11 gl A
S 144y S 2

S wrltTataET ol | A1
o (logE—log k1 +1)

<

V1

by Stirling’s formula. It follows, then, that
o(A—Alog A)¢

k
> % < —7— < (oga)

k> At

A—AlogA( -1/2

log log x)

Thus the number of n < x such that w(n) > Aloglogz is
x

(log x)l-i—A log A_A(log log x)l/z ’

as required. 0

<
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4. UNCONDITIONAL COMPOSITE MoDULI WEAK KUMMER'S CONJECTURE

In this section we will prove Theorem [[.2] the Weak Kummer’s Conjecture for composite moduli.
To remove the contributions of the prime powers ¢ with m > 2 from the sum f,, we will use the
following lemma;:

Lemma 4.1.

> X o()

q primem>2

Proof. Write S =3, | ine > m>2 n(@™)  Then clearly

mq™

S Y X =SS,

q prime  m>2
gm==+1(n)

where

Si= Y Y o ad s= Y Y o

mqm’
q prime m>2 q prime m>2 q
q<n ¢m=+1(n) >n  gm=+1(n)

Recall that m(x) is the number of primes p < z. By the prime number theorem, we have

|S2] < Z Zq_m<< Z q?

>n m>2 >n
q prime g prime
m(t)]” Tt
< 1m |MO| L [0
z—00 | 12 n n t3

< ! +/oo 1 dt
nlogn J, t*logt

< =o|—).
nlogn n

We now consider S| = S3 + 54 with

ngz Z qum and 5422 Z L

m
m>2 q<n m>2 q<n mq
" =1(n) gm="1(n)

For a fixed n, let C'(m) denote the number of solutions < n to the congruence ™ = 1 mod n. By

Lemma B C(m) < 2m®™, where w(n) is the number of distinct prime divisors of n. This gives us
the upper bound

G{x <n:z'=1modn}| < iC(z) < i%w(”) =: B(m).
=2

=2 =2

Observe that B(m) < m@(M+1,
Now for each solution x < n to ™ = 1mod n, write £ = u;n—+1, where each u; is a distinct positive
integer for i = A(m),...,A(m) 4+ C(m) — 1. Here A(2) =1, and for m > 3, A(m) = B(m — 1) + 1.



Then

where for A(m) <a
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B(m)

1 1 0,
53_2 Z _WZZE Z ugn+1]’
m>2 qmq_<17zn) m>2 a=A(m)
< A(m) + C(m) —

For any A(m

if Yugn + 1 is a prime,

1
ea — .
{ 0 otherwise.

)+ C(m) <a< B(m

Let dy, be the inner sum } "

B(m

), let 8, = 0 and u, = 1. Thus
B(m)

>

a=A(m)

b

1 1
S35 2

Uq,

9“ , and write the partial sums

2=d2,D3=d2+d3,D4=d2+d3+d4,~--

Notice that for any two indices a # a’ such that 6, and 6, are both nonzero, we must have u, # u,,

which implies that D, < Zf(q a=l.
Now,
and we get

0< S5

Similarly we can express the
integers and ¢, = 1 or 0. Since

T rz—1
d D
S i
= m —~ r(r+1)
o D,
on = m(m + 1)
w(n)+1
< iy mz
n “= m(m + 1) a
w(n) log(m
< O
n Z m(m + 1)

m>2

sum Sy = ). L

m>2 m

B(m) B(m)
a:;m) Wf . a:;m) aj 1 om
it follows that Sy <« @ as well.
Define the sum
gn(7) = Z CnéQ)j

q prime
q<z

B(m) a
(Za:A(m) va(fz—l

> where the v,’s are positive
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and
= lim ).
gn = lim g (2)

w(n)

By Lemmald1l f,, = g,+O(=). An application of the Siegel-Walfisz Theorem (Lemma[3.1)) reduces

n
the infinite sum g, to a finite one.

Lemma 4.2.

gn = gn(2n) + O(n_2)’

Proof. For x > y > 3, Riemann-Stieltjes integration gives

(@) —gn(y) = > C"(EQ) = [A"(t)E + /y " Aa0) dt, (3)

t t2
y<g<wz

where A, (t) = w(t,n,1) —n(t,n,—1). Using the Siegel-Walfisz Theorem and taking x > 2", we obtain
Ap(z) < 55— and so

nlog?
0(@) — u(@)] < [Af;f”]; b [0y

We have shown

fn=gn+0O <$> =gn(2")+ 0 <@>

n
and have reduced the problem to one of studying the finite sum
n Cn(Q)
gn(2 ) = Z q :

q prime,
q<2"

We will now find bounds on g,(2") by using (B to partition this sum into terms on which we may
apply our various estimates for 7(t,n,1) — w(t,n, —1). We are now in a position to prove Theorem
112l

Proof. Note that

|An ()] = |m(t,n, 1) — w(t,n, —1)| < 2E(t,n)
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as defined in Lemma 3.2, the conditions of which are satisfied for z < n < 2z and n?log?® n < ¢ < 2.
Hence,

E(t,n)1*" 2" E(t,n
Z Z Cn(Q) < |:Zx<n<2x ( ):| +/ Zx<n§2x ( )dt
n? log?B n

2
t 210828 p t

T<n<2T n2 1og2B ncg<an

1 o & 1
< [—A] - / —dt
log t 2 long T 2 ]0g2B x t 10g t

A+1

< log™ x.

If we set D(n) = gn(2") — gn(n?log?? n), then we have shown

1
> 1P| <
r<n<2x 2 x
Thus for any constant ¢ > 0,
c x
r<n<2x : |D(n >—} L —F5
#1 D>} <
Take A > 3 in Lemma
+1

By dyadic decomposition we discard at most z log~4"! 2 natural numbers and we now restrict our
attention to primes ¢ in the range n?/4 < ¢ < n?log?® n. By Lemma [3.3]

n2log?B n
n 1 g 1
Z cn(q) < S(n)1 n—l—/ Wdt
n2/4<q<n?log?B n q n)log n2 /4 n)log(t/n
1 log(log?P n))
L ——log|l4+ ———
p(n) & < log(n/4)

()

= o|l——|.

¢(n)

That is, gn(n?log?? n) — g,(n%/4) = o(1/n), and we now consider the range 24nlogn < ¢ < n?/4.

Take X < n < 2X and let 24nlog’ n < t < n?/4. The conditions of Lemma B4 are satisfied in
this range, and so

2
cn(q) 1 1 /" /4 1
—dt
2 ¢ ologn T 9(n) Jornioghn logt"

24nlog? n<q<n2?/4

1
< —.
¢(n)
This holds for all natural numbers X < n < 2X with the exception of a set of size < log%X. Using

dyadic decomposition, we see the number of exceptional n < z is <« logLB:v'
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To estimate g, (24nlog? n) — gn(nlogn), we apply Lemma [3:3] again to get

£ )

nlogn<q<24nlogn nlogn

1 log(24 1og” ! n)
< o <1+ log(log n) >
1
<< M.

Using Lemma [3.3] one more time:

X

enlogn/loglogn<g<nlogn nlogn/loglogn (b(n)t IOg(t/n)

< ﬁ log <log(1(l)(;g7gl/oigog n)> —° <ﬁ> .

nlogn dt

Finally, we need to analyse the sum

gn(enlogn/loglogn) = Z cn(q).
n<g<enlogn/loglogn q
This sum is # 0 when there are summands; that is, when at least one of n +1,2n+1,... kn+ 1 is

prime for k < elogx/loglog x. Hence we use the Prime Number Theorem for arithmetic progressions
and we see

Z kE =z < T elogx < €T
(k) logx logz loglogz — loglogx

= o(z).
k< lcfgl?ggxz

The number of n < z such that g,(enlogn/loglogn) # 0 is o(x), and Theorem has been proved.
]

5. CONDITIONAL COMPOSITE MoDULI WEAK KUMMER'S CONJECTURE

We now prove Theorem [[.3] that Kummer’s Conjecture holds for almost all n. We will need natural
numbers analogues of Propositions 1 and 2 from [3].

Proposition 5.1.

1 1 1
a2 7wl
m>2 qm=x1modn

q prime

for all but o <1o§x) natural numbers n < x.

Proof. For any prime g > n,
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Also, for any prime ¢ < n,

Thus if we list the primes ¢; in order so that g < n < g1,

1 1 1 1 1 1
2w 2 S g 2 2 2,

m>2  ¢m=+1modn m>2 1l m>2 m>2 m>2
qm>n2
< 1 1 1 1
Q11 k42

1 n 1
=0 <F ' logn> =0 <n10gn>

by the Prime Number Theorem.
Again using Lemma 377, we have < 4(2)“() solutions mod n of the congruence ™ = 41modn.

Also, by Lemma B8, the number of n < x such that w(n) > Aloglogz is o (10296). (Here we choose
e<A<2/log2.)

Hence
1 1 1 2(2¢(M) <1>
- il G 1 < =——2 = of = 4
2 ) Z g 2n10g2n . Z - n10g2n n 4)
¢g*=x1modn ¢*=1modn
nlog? n<qg?<n? q<n

for all but o (1021,) numbers n < z.

Now if ¢™ < n?, then m < 4logn. Let

1 1
s-oy Loy L
m qm
3<m<4logn ¢ =x1modn
q™<nlog?n
Then
1 1
PRI D DD DR D
m qm
r<n<2z 3<m<logn zlog? z<qm<a? r<n<2z
nlg™m+1

< Z%Z L 20

3<m<logn q<z?/m z 10g2 r
q prime
z2/3 1
< loglogx - g (227%) e 0?2
loglog x
Vrlog®z’

because the number of divisors of ¢™ + 1 or of ¢ — 1 is o(x%) for any § > 0 (see [2], pg. 296).
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The number of z < S,, < 2 such that S,, > ¢/n is < %%, since otherwise
1

1
I A
r<n<l2z x \/E

By dyadic decomposition together with (), we see that

1 1
DT SR Y
m qm
m>2 q""=x1modn
nlog? n<gm<n?
for all but o(z/log x) natural numbers n < z. It now suffices to show that
1 1
Sp = ZE Z q—mzo(l/n)
m>2 qm™=x1modn
gm<nlog?n

for all but o(z/log x) numbers n < z.
Note that

DI SF SED DU D DR

r<n<2z m>2 z<qm<zlog? x r<n<2z

¢ =+11kn
>

1 2
Z Oqgm T

m>2 g<gm<zlog? x

2
< Z logx T

3=

q prime
q<gv1/2 log x
< log? x /2 log x log? z
z  log(z1/2logx) z1/2

by the Prime Number Theorem.
Thus if s, > €/n for > 2'/?log®  natural numbers z < n < 2z, then

1 log?
Z sn > —(x/?1og® ) = y,
x xl/2
r<n<2z
a contradiction. By dyadic decomposition, s,, = o(1/n) holds for < z'/?log® z = o(z/log x) numbers
n < x. ]

Recall g, = lim, o gn(x), where

1 1
gn(x) = g - - E —.
- q - q
q prime q prime
q<x q<x
g=1modn g=—1modn

Then by Proposition 5.1l we have f,, = g, + o(1/n) for all but o(z/log x) numbers n < x.
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Proposition 5.2. Assume the Elliott-Halberstam Conjecture is true, and fix § > 0. For a constant
C > 3, the equation g, — gn(n'1%) = o(1/n) holds for all but < x/log® x natural numbers n < x.

Proof. Set S(t,x) =Y, ., co, |7(t,n,1) — w(t,n, —1)|; then the Elliott-Halberstam Conjecture gives

Y g =g (') < [ME+5+/:O St2) 4y

t 145 12
r<n<2z

< N / o dt < 1
log® 2145 tlog’t logh 'z
Take A > 3 in the Elliott-Halberstam Conjecture.

If the inequality
€
Z ’gn - gn(nl+6)’ > ;

r<n<2z
holds for > x/logA_2 x numbers z < n < 2z, then
1 x 1
Z (9 = gn (') > —- A2~ A2 >
r<n<2zr z log x log z
a contradiction. The result follows by dyadic decomposition. O

Corollary 5.3. Assume the Elliott-Halberstam Conjecture. Then for any § > 0 and C > 3,
o= gn(n'*°) +o(1/n)
for all but o(x/log x) numbers n < x.
Proof. This follows from Propositions 5.1l and O
We will also need the following result.

Lemma 5.4 ([4], Theorem 5.7). Let g be a natural number, and let a;, bj(1 = 1,...,g) be integers
satisfying
g
E = Hai H (arbs — asby) # 0.
=1 1<r<s<g

Let p(p) denote the number of solutions of
g

H(am + b;) = 0mod p,

i=1
and suppose that p(p) < p for all p. Let y and x be real numbers satisfying 1 <y < x. Then
Hn:xz—y<n<zan+b prime fori=1,...,g}

< 299!1;[ <1_ %) (1_ %>—9+1 y

log? y

1
" {1 Lo < oglog3y+loglog3|E|>}’
log y

where the implied constant depends at most on g.

We are now ready to prove Theorem [I.3]
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Proof. We are left to deal with the finite sum

gn(nl—l—&): Z Cn(Q) _ Z Cn(Q) + Z Cn(Q)‘
q q

gq<nlto g<(14+8)nlog?®n

(1+6)n log? n<g<nl+s
For X <n < 2X, and (1+ 5)AnlogA n <z < n't® the conditions of Lemma [3.4] are satisfied, and

nl+d

cn(q) t dt
> < /(

Aplogd n)logn 2
(14-6)Anlog? n<qg<nli+s 14+6)4nlog ”qb( ) g

< Wllogn[élogn — Alog(1 4 0) — Alogn]
< 0
¢(n)
Now we put bounds on the sum
Z cn(q)
q<(1+8)Anlog? n
For the range (1+ 0)nlog?n < ¢ < (1 + 8)*nlog” n, we use the Brun-Titchmarsh Theorem.
Cn(Q) (148)Anlogt n dt 1
Y R« / < ——.
e imiogtn SOTIoR(E/m) < B0
<(1+8)Anlogt n

For enlogn < q < (1 + §)nlog?n,

& 1
> n(@) 3 1
: q nt
enlogn<gq

en<t<(1+9) log? n,
<(14+8)nlog?n nt+1l prime

On average,

) DR S

r<n<2z

tx
elog n<t<(1+6) log? n, elog z<t<(146) log? x z<n<2z,
nt+1 prime nt+1 prime
1 T
D PRy
X og T
elog x<t<(146) log? x &
log log «
<L — .
log z

Therefore the number of n < z such that

1 €
2. >
elogn<t<log?n,
nt+1 prime
is < % = o(z). That is |g,(enlogn) — g, ((14+6)nlog? n)| = o(n) for all but o(x) natural numbers
n <.
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Finally, for the range ¢ < enlogn, we will use Lemma 5.4l Fix some ¢ < elogx. Then the number

of n < z such that nt +1 or nt — 1 is a prime is < z/logx + O(%éogx), and so
log” x

log 1
Z #{n<zx: ntilprime}§6x+0<x(l)gﬂ>.
t<elogz 08T

So the number of n < z for which

g<enlogn q

is o(x), and we may assume g,(enlogn) = 0 for almost all n, and the proof of Theorem [ is
complete. ]

6. CONDITIONAL DISPROOF OF GENERALISED KUMMER’S CONJECTURE

Recall that
_ n
2= Gt (221
and that the Generalized Kummer’s Conjecture predicts that h,, ~ G(n) as n — co. In this section, we
will prove Theorem 4] that the Elliott-Halberstam Conjecture implies that the Generalized Kummer’s
Conjecture fails for infinitely many natural numbers n. Here we wish to show that f, = o(1/¢(n))

fails for infinitely many n.
By Corollary £.3] the Elliott-Halberstam Conjecture implies that for any 6 > 0 and C' > 3,

fa=ga(0'*?) +o(1/n)

for all but o(z/log ) numbers n < . We wish to find bounds on g, (n'*%) —
contribution of the primes ¢ of the form n + 1.

1

Tt and so estimate the

Lemma 6.1. Fix A > 0 and € > 0. There exists some 6 > 0 such that for all sufficiently large values
of x, there are < % natural numbers n < x such that n + 1 is prime and

gn(n

n+1 mn’

Proof. Define
Nif(z) = |[{zr <n <2z :n+1and kn =+ 1 both prime} .

Then for k > 2,

P T
N,:_(ﬂj)<< H ]ﬁ log—zaj (5)

and

_ p x
N, () < I | —— | —5— (6)
pih(oiny P 1) logTx

by Theorem
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Thus
R e I D DD DI
r<n<2x n+l r<n<2x g=t1modn a+ 1
n+1 prime n+1 prime q<nli+é
q prime, g#n+1
Z): (2m) _
N
<< N
k=2 k k=2 k
" (21‘)6 1 " (21‘)6 1
< og? k 11 f 1] T log? k f 1
08" 122 \ " - P 08" i \ " e P
)
< :172 -0logx = z
log” x log x
by Lemmas and
Hence there exists a constant ¢; > 0 such that
1 1 T € AT
Z g"(n1+5)_n+1‘<ﬁllo z  2n loga
r<n<2z g g
n+1 prime

for 0 = €>‘ . By dyadic decomposition, there exists < == g numbers n < z such that n+ 1 is prime and
1 €

ey L | €

‘gn(n ) n—l—l' —2n’

as required. O

Proposition 6.2. Suppose the Elliott-Halberstam Conjecture is true. Then for a fized ¢ > 0 there
erist > x/log x natural numbers n < x such that f, = (1 £¢)d

Proof. By the Prime Number Theorem, there are > cox/log x numbers n < z such that n+1 is prime.
Fix € > 0 and let A = ¢2/2 in Lemma 6.l Then there exist > cox/2log z numbers n < x such that
n + 1 is prime and

1 €
1+6y & -
‘gn(n ) n+1 < 2n
By Corollary 53] there exist > coz/2log z numbers n < x such that n 4+ 1 is prime and
1 €
fo—=]<—.
n n
O
We have shown that with the assumption of the Elliott-Halberstam Conjecture,
ha p(n) p(n)
1 = — = —(1x
G(n) eXp< 2 n eXp 4n ( 6)
for > logg”m numbers n < z. We now wish to prove that for infinitely many of these n, ¢(n ") is bounded

away from 0. This must be verified, of course, because lim inf,,_, @ =0.
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Lemma 6.3.

Z MN&, as x — 00,

n log x
n<zx g

2n+1 prime
where ¢ = %Hp odd (1 — p(p—l—l)) # 0.

Proof. Since

n
din
we have
¢(n) p(d) p(d)
— = 1.
> ) g T2
n<z n<x dln d<z t<z/d
2n+1 prime 2n+1 prime 2dt+1 prime

The inner sum is 7(2x + 1,2d,1).
Thus we need to evaluate

p(d u p(d)
m(2x +1,2d,1) (2 1,2d,1 —(2 1,2d,1).
OLCACIRETRE S G A RE YRR AND DL LA YR)
d<z d<log® = log4 z<d<z

For the second sum, we have the estimate
u(d) x x
logA r<d<z dzlogA T
For the first sum, we use the Siegel—Walﬁsz Theorem [3.1] to get

3 “ w2z +1,2d,1) < Y d(b((cg)hmw( e )

log” x
d<log® z d<log”

The first term 1is

Since

N op(d) p(d) p(d)
2 o)~ 2 aoad) T 2 doad

d=1 5_2?111 d odd
_ p(2d) pd) 1 p(d p(d)
= 2 omoia) t 2 dod 1 A do(d 2 dotd)
3 pld) 3 ( P ) 1
1 =722 (—)=
4 [ d6(2d) 4 o pld p—1/)d
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and

this completes the proof of the lemma. O
Lemma 6.4. Let 6 >0 and x > 1. Then

o(n ox
> o) o oo @
n log
n<x
n+1 prime
kn=x1 both prime for some
2<k<élogx

where the implied constant is absolute.

Proof. Since @ < 1, we have that the sum in (7)) is bounded by
> Ni@)
2<k<dlogx
where
Nf(z) = |{n<x:n+1 and kn+1 both prime} |.
By dyadic decomposition and equations (&) and (@),

P x
N,j(x) < H p—1] log?z
plk(k—1) &
and
_ p x
plk(k+1) &
Inserting this estimate into the sum, we get the sum is < %, as claimed. O

We now prove Theorem [1.4]
Proof. By Proposition [6.2] the Elliott-Halberstam Conjecture implies that

h $(n) ¢(n)
= D) = 1+
= (2005,) e (D2
for > @ numbers n < x. By Lemmas and [6.4] for a sufficiently small § we have

¢(n) x
> dmy e
. n log x
s<n<z
n—+1 prime
neither kn+1 is prime for any
2<k<élogzx

From this we deduce that there are infinitely many n such that

TZ) > exp(n)
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for some fixed n > 0. Thus if the Elliott-Halberstam Conjecture is true, then the Generalized Kum-
mer’s Conjecture (2.1)) fails for infinitely many natural numbers. O
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