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ALGEBRAIC FIBERINGS OF GRASSMANN VARIETIES

R.J. D. FERDINANDS AND R. E. SCHULTZ

Standard results from calculus show that one can use relatively elementary meth-
ods to study a surface if it is a surface of revolution, and classical results in differential
and algebraic geometry show the usefulness of recognizing the ruled surfaces that are
essentially given as parametrized families of parallel submanifolds. Of course, more
general notions known as fiberings have also played important roles in geometry and
topology for a long time, and in this context one of the most natural questions is
whether a given space can be realized by a fibering with suitable properties. Topo-
logical questions of this sort have been studied intermittently for about six decades
(e.g., see [BoS], [St], [Br], [CG], [Sch], [Got], [Fe1-2]), and in some important cases
one has a fairly good understanding of the types of fiberings a space can support.
For example, if the space in question is a sphere, then every smooth fibering with
compact connected fibers is loosely related to one of the so-called Hopf fiberings
whose fibers are spheres and whose parameter spaces are projective spaces over the
complex numbers, quaternions or Cayley numbers (cf. [Br, §6]), and if the space in
question is the coordinate space R”, then no fiberings of this type exist if one insists
that neither the fibers nor the base consist of a single point [BoS].

Projective spaces form another class of cases in which the fiberability question
has been analyzed systematically (see [BG1], [CG], [Sch]); in particular, for even
dimensional projective spaces there are no smooth fiberings with compact connected
fibers such that both the fibers and the base consist of more than one point. Partial
generalizations of these results to Grassmann manifolds were obtained in previous
papers of the authors [Fe1-2], [Sch]. On the other hand, in [J, §5], R. Joshua obtained
an analogous result for even dimensional projective spaces in a suitable category of
algebraic varieties over algebraically closed fields of characteristic # 2. The purpose
of this paper is to combine the methods of [Fe1-2] and [Sch] with those of [J] to obtain
the corresponding nonfibering results for Grassmann varieties in suitable categories
of algebraic varieties (see [GH, §1.5] or [Hrs, Lecture 6] for background information
on these objects). In particular, our result applies to the Grassmann varieties G, 2 (F)
of 2-planes in " where n = 2 mod 4 and F is a field of characteristic # 2. In such
cases there are no nonconstant smooth maps from G,, »(F) to a nonsingular projective
variety V over F with connected positive dimensional fibers (see Theorem 2.1). It
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32 R. J. D. FERDINANDS AND R. E. SCHULTZ

seems likely that the same conclusion holds if » = 3mod4,n > 5,andn 4 1 isnota
power of 2; as noted in Observation 2.12, this is true if we also assume » = 2 mod 3.

One clear purpose of this work is to study the effectiveness with which specific
topological techniques can be applied to algebraic geometry, but another motivation
is that fiberings of Grassmann varieties in algebraic geometry could lead to the con-
struction of topological fiberings for complex Grassmann manifolds; results of E.
Friedlander show that information about algebraic groups over fields of prime char-
acteristic can be used effectively to obtain information on the classifying spaces of
compact Lie groups (cf. [Fr2, §9]), and at least some of the ideas from this work would
apply to any exceptional algebraic fiberings of the Grassmann varieties G, x (F) that
might exist.

Since one cannot avoid using ideas from both algebraic geometry and algebraic
topology in studying the sorts of problems considered here, we have attempted to
provide references for definitions and concepts that are standard in one subject but
not necessarily the other, but we do not claim that our treatment is complete. The
standard texts by Hartshorne [Hrt] and Spanier [Sp] on algebraic geometry and topol-
ogy should contain any additional background information that is needed on these
subjects, and more specialized background on profinite completions and etale ho-
motopy can be found in Sullivan’s paper [Sul] and the monographs of Artin-Mazur
[AM], Friedlander [Fr2], and Milne [Mi].

1. Background information

As the title indicates, this section contains some general observations that are
needed in our study of the algebraic fibering problem for Grassmann varieties.

DEFAULT HYPOTHESES. Unless and until indicated otherwise, £ will denote a
fixed prime and all spaces are assumed to be 1-connected, Z/£-complete in the sense
of Bousfield and Kan [BK] or Sullivan [Sull, with finite mod £ cohomology and
L-profinite homotopy in each dimension.

Of course the main examples of interest in this paper are the simply connected
Z /¢-completions of the etale homotopy types of complete smooth varieties over an
algebraically closed field (cf. [Fr2, discussion on p. 56 following Thm. 6.6 and Thm
7.3, p. 65]; see also [AM, §11]).

The conditions in the Default Hypotheses immediately yield a finiteness prop-
erty for homotopy groups; although this is elementary and surely known to others,
adequate citations in the literature seem to be somewhat elusive.

PROPOSITION 1.1.  Let X be a simply connected space with finite mod £ coho-
mology and £-profinite homotopy in each dimension. Then the homotopy groups of
X are ¢-profinite completions of finitely generated abelian groups.
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Proof. 1If {X;} is the system of k-connective fiberings of X, it suffices to show
that each group w41 (Xy) is the £-profinite completion of a finitely generated abelian
group. We shall proceed by induction on k and and prove this finiteness result together
with the finiteness of H! (Xy; Z/£) for alli > 0. If k = O the statement is true by the
simple connectivity of X and the finiteness of its mod £ homology groups. Assume
the statement is true for X;_; and consider the principal fibration X; — X;_; —
K (my—1(Xk-1), k); note that the base of this fibration is simply connected even if
k = 1because X = Xy is simply connected. Since my—_1, (X¢-1) = mk—1(X) is the £-
profinite completion of a finitely generated abelian group by the inductive hypothesis,
it follows that its mod £ cohomology is finite in every dimension. Therefore a Serre
spectral sequence argument shows that the mod ¢ cohomology of X is also finite in
every dimension. In particular, if one specializes to dimension & and combines this
with the Hurewicz Theorem, it follows that

H*(Xy; Z/¢) ~ Hom(my (Xy), Z/€) ~ Hom(my (X), Z/2)

is also finite. On the other hand, the group m;(X) is £-profinite by hypothesis, and
an elementary argument shows that a £-profinite abelian group A is the £-profinite
completion of a finitely generated abelian group if and only if Hom(A, Z /%) is finite
(for example, this is a straightforward consequence of [Fr2, Prop. 7.5, p. 67]). There-
fore 7, (X) is the £-profinite completion of a finitely generated abelian group and the
proof of the inductive argument is complete. W

At one point we shall need a version of the Kiinneth formula for spaces that satisfy
the conditions of Proposition 1.1; in order to avoid additional digressions we shall
only prove a result that suffices for our purposes.

PROPOSITION 1.1A. Let X andY be simply connected spaces with with finite mod
£ cohomology and L-profinite homotopy in each dimension. Then the cohomology
groups of X and Y with coefficients in the ¢-adic integers Z( are finitely generated

Ze modules (hence direct sums of cyclic modules) and the Q localized external coho-
mology product

(H*(X:Z) ® Q) ®7 (H*(V; Z) ® Q) > H* (X x V; Z) ® Q
is an isomorphism of @ vector spaces.

Warning. If W satisfies the conditions of Proposition 1.1A then the groups
H*(W, Zz) ® Q and H*(W; Q[) are isomorphic only if W has finite homotopy
groups in every dimension, in which case W is rationally acylic. In other cases the
groups in question differ by an uncountable dimensional rational vector space.

Proof. By Proposition 1.1 we know that the homotopy groups of X and Y are
£-profinite completions of finitely generated abelian groups and hence are direct
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sums of cyclic Zz modules. If 7 is a finitely generated abelian group and n > 2 it
follows immediately that H*(K (7, n); Zg) is a finitely generated Zz module in each
dimension, and by the results of [Sul, §3] the analogous statement is true if 7 is
replaced by its £-profinite completion. Let W be either X or Y, and let {W,,} be a
Postnikov system for W where W — W,, is (m + 1)-connected and W, has vanishing
homotopy in dimensions > m + 1. The preceding discussion of Eilenberg-MacLane
spaces shows that W, has finitely generated Z, cohomology in every dimension; if the
finite generation property is true for the cohomology of W,,_;, then one can combine
this with the analogous result for Eilenberg-MacLane spaces and a Serre spectral
sequence argument to prove the finite generation property for the cohomology of W,,.
Thus the finite generation property for Z, cohomology holds for all the spaces W,,;
since W — W, is (m + 1)-connected and m can be taken arbitrarily large, it follows
that the finite generation property for Z, cohomology also holds for W.

Suppose now that X and Y are Eilenberg-MacLane spaces satisfying the conditions
of the proposition. Then X and Y are £-profinite completions of Eilenberg-MacLane
spaces X' and Y’ with finitely generated homotopy groups, and by the preceding
paragraph we know that their cohomology groups with coefficients in Z, are finitely
generated in each dimension. Similarly, since X x Y is the £-profinite completion
of X’ x Y’ it follows that the cohomology of X x Y with coefficients in Z, is also
finitely generated in each dimension. Furthermore, if W’ denotes one of X', Y’ or
X'xY'and W denotes the corresponding ¢-profinite completion, then finite generation
implies that H*(W; Ze) is naturally isomorphic to H*(W'; Z) ® Zz, specifically, the
completion map W' — W determines an 1som0112hlsm in Ze cohomology and the
canonical map from H*(W'; Z) ® Ze to H*(W'; Zy) is also an isomorphism. These
isomorphisms are compatible with the external cohomology product, and therefore
the proof of the proposition when X and Y are Eilenberg-MacLane spaces reduces to
knowing that the map

(H* (X' 2) ® L) @7, (H* (Y, Z) @ Zy) > H* (X' x Y Z) ® Ly

becomes an isomorphism after tensoring with Q. But this follows immediately from
the usual Kiinneth formula, the universal coefficient theorems for rational coefficients,
and the finite generation of the cohomology groups of X’ and Y’. This completes the
proof of the proposition when X and Y are Eilenberg-MacLane spaces.

Now suppose that X is an Eilenberg-MacLane space and Y is an arbitrary space
satisfying the conditions of the proposition. Let {¥,,} be a Postnikov system for Y as
usual. Then Y; is a K (7, 2), and therefore the conclusion of the proposition holds for
X and Y,. If the conclusion holds for the pair (X, Y,,—;) and ¥, —> Y,,_; —> BK,
is the fibration defined by the appropriate k-invariant of the Postnikov system, then
validity of the proposition for (X, B K,,) and a spectral sequence comparison argument
involving the Serre spectral sequences of the fibrations ¥,, — Y,,-; — BK,, and
XxY, > X xY,1 > X x BK,, yields the conclusion of the proposition for
(X, Y,,). Thus the proposition is true for all pairs of this type, and as in the first
paragraph of this proof it follows that the proposition is true for all pairs (X, Y) where
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X is an Eilenberg-MacLane space and Y is essentially unrestricted. Finally, if X and
Y are arbitrary and {X,,} is a Postnikov system for X with corresponding Eilenberg-
MacLane spaces BK,, then one can argue similarly to show that the validity of the
proposition for the pairs (BK,,, Y) inductively implies the result for the pairs (X,,, ¥)
and thus also for the pair (X, Y). B

We shall also need the following analog of an elementary result in rational homo-
topy theory:

Proposition 1.1B.  Let X be a space satisfying the conditions of Proposition 1.1,
and assume in_addition that all odd dimensional homotopy groups of X are finite.

Then H*(X; Z;) ® Q is a graded polynomial algebra on the graded Qg vector space
(X)) @ Q.

Proof. Let {X,} be a Postnikov system for X. As before it suffices to prove the
proposition for each X,,. Since X, is an Eilenberg-MacLane space and m>(X,) ~
72(X) is a direct sum of a finite abelian £-group and copies of Ze, the Kiinneth formula
in Proposition 1.1A reduces the proof in this case to a verification for K(Zg, 2).
Since the Z[ cohomology of this space is in fact a polynomial algebra on a single 2-
dimensional generator, the truth of the proposition for n = 2 follows. More generally,
if X is an Eilenberg-MacLane space K (7, n) such that 7 is finite if z is odd, then a
similar argument shows that the rationalized Zz cohomology of X has the prescribed
form (but of course this probably will not hold for the Zg cohomology itself).

Assume now that the result is true for X,,_;, where n > 3, and consider the
principal fibration

K(mn(X),n) > X, = Xu_i

and let 8 € H"t'(X,_,; m,(X)) denote the cohomology class corresponding to a
classifying map X, — K (7,(X), n + 1) for this principal fibration. We claim that
6 has finite order; if n is even this follows from the induction hypothesis because
H(X,_1:Z) ®Q = = 0 implies that H°/*(X,,_,; Zy) is finite (we know the group
is a finitely generated Zg module), and if »n is odd the assertion follows because the
odd dimensional homotopy groups of X are finite. If g is the order of 6, let A, be a
self map of K (7, (X), n + 1) that induces multiplication by g on homotopy groups,
andletk(0): X,_; — K(m,(X), n+ 1) be arepresentative for 8 (cf. [Sp]). It follows
that the map A, °k(9) is nullhomotopic, and the latter in turn implies the existence
of the commutative diagram below, in which all horizontal sequences are extended
fibration sequences (exact in the sense of [Sp, p. 366]) and K,, = K (7, (X), m):

0
Kn Xn Xn—l B Kn+l

L N R

K, K, P(K,+1) —— Ky
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Here P(Y) denotes the contractible space of basepoint preserving paths on a space
Y and Q(A,) is the self map that induces multiplication by ¢ on homotgpy. We
claim that the map (4,) induces an automorphism of H*(K (7,(X), n); Z¢) ® Q.
If 7,(X) is a finitely generated abelian group then it is well known that the map
corresponding to €2(A,) induces endomorphisms of integral cohomology with finite
kernels and cokernels, and since 7, (X) is the £-profinite completion of a finitely
generated abelian group the corresponﬂing result for Q (A,) follows because profinite
completion induces isomorphisms of Z, cohomology. If we combine this information
with the left hand square of the commutative diagram, it follows that the restriction
map induces a split surjection from H*(X,; Z;) ® Q to H*(K (,(X, n); Z¢) ® Q.
Therefore the Serre spectral sequence in rationalized cohomology for the original
principal fibration collapses. Since the cohomology groups of the fiber and base both
have the form given by the conclusion of the proposition and the rational homotopy of
X, is a special type of direct sum of the rational homotopy of X,,_; and K (7, (X), n),
the truth of the proposition for X, follows. W

Algebraic topology and algebraic fibrations. As indicated in [J], the algebraic
analog of a submersion for nonsingular varieties over a field k is a proper smooth
map over k (see [Hrt, §1I1.10, pp. 268-276] or [Hrs, Lecture 14, pp. 174-185]).
The results of [Fr1] show that such maps induce fibrations in etale homotopy theory
under suitable hypotheses, and our next objective is to show that Friedlander’s hy-
potheses are valid for the sorts of examples considered in this paper. Specifically,
we are interested in simply connected, nonsingular projective algebraic varieties over
the complex numbers that are given by complexifications of nonsingular noetherian
schemes defined over Spec Z. If V is a complex Grassmann variety, then V has a well
known algebraic embedding into projective space by means of Pliicker coordinates
(cf. [GH, pp. 209-211] for the complex case); the image of this embedding is a variety
defined by polynomials with integral coefficients, and the corresponding projective
varieties over other fields are merely the analogous Grassmann varieties over these
fields. An elaboration of these observations and standard results in topology show
that complex Grassmann manifolds satisfy the abstract conditions we have imposed.

Throughout this discussion V will denote the complex variety under consideration
and X will denote the associated scheme over Spec Z such that V' is given by the
complexification of X. If R is an arbitrary noetherian commutative ring with unit
then X will denote the associated scheme obtained by change of rings, and if Il?,, is
the algebraic closure of a finite field of characteristic p then we shall often simplify
the notation to X ,.

Since we are ultimately interested in cases where V is a Grassmann manifold, we
shall also assume that V is simply connected, the group H?(V; Z) is infinite cyclic
(equivalently, 7, (V) is infinite cyclic), and H 3(v,Z) = 0. In addition to this we
shall assume that the Euler characteristic x (V) is nonzero. Finally, £ will denote a
prime that does not divide x (V) and p will denote a prime that is distinct from £;
in this section it will not matter whether or not p divides x (V). The crucial link
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between topology and algebraic geometry in this paper is the existence of a homotopy
equivalence between the Z /€ completion of V (viewed as a topological space) and
the Z/£ completion of (X ,)et, Where (.. .)¢ represents the associated etale homotopy
type (see [AM, §12], [Fr2, §8]).

Now suppose that we have a smooth map of schemes overlk_p of the form f: X, —
Y where Y is nonsingular, the fibers are connected, and 0 < dimY < dim X,. Let
X, denote some fiber of f and consider the associated etale homotopy diagram
(Xy)et = Xet = Yer. The result below shows that the assumptions of the preceding
paragraphs combine with the previously mentioned results of Friedlander to yield a
strong conclusion. In fact, with a little effort one also obtains a lower bound on the
connectivity of the Z /£ completion of Y.

PROPOSITION 1.2. In the setting above, the £-profinite completion of the funda-
mental group of (X))« is trivial and the etale homotopy sequence becomes a fibration
sequence after 7L/ £ completion. Furthermore, in this situation the Z /€ completion of
Ye is 2-connected.

Proof. Since the fundamental groups of the spaces in question are £-profinite,
the assertions about fundamental groups reduce to showing that H'(Y; Z/£) and
H'(X,; Z/¢) both vanish; in this context cohomology can be interpreted either as etale
cohomology or as the singular cohomology of the Z/¢ completions of the respective
etale homotopy types. Since £ is prime to the Euler characteristic of V, results of R.
Joshua on etale transfers [J, Thm. 1.2, p. 455] show that the morphisms in mod £ etale
cohomology associated to the smooth map X, — Y are split injections. Since V is
simply connected, it follows that H' (X ,; Z/€) = 0 and hence that H'(Y; Z/¢) must
also be trivial. Therefore the results of [Fr1] yield a Leray-Serre spectral sequence

H*(Y; H'(X,; Z/€) = H*"(X,; Z/8)

(with untwisted coefficients), and since H*(Y; Z/¢) - H?*(X,; Z/€) ~ Z/¢ is split
injective, it follows that H?(Y; Z/£) is either trivial or isomorphic to Z/£. In the
first case we may argue as before to say that the second homotopy group of the Z/¢
completion of Y is trivial, so we need only show that the second alternative cannot
hold. To see this, consider the commutative diagram below, in which Z, denotes the
¢-adic integers and the horizontal maps are given by the coefficient homomorphisms
associated to the canonical projection from Z, to Z/X.

H2(Y;Zy) —— HX(Y;Z/0)
HX(X,; Zy) — H*(X,; 2/

It follows that either H2(Y; Zy) — H*(Xp; Zy) is bijective or else H2(Y; Zy) = 0.
The first case can be excluded as follows: Let 0 # ¢ € H*(X,; Zg). Since V is
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a Kéhler manifold, it follows that ¢ # 0 where n = dimc V. On the other hand,
the bijectivity condition in 2-dimensional cohomology implies that c" lies in the
image of H*'(Y; Z;). But the dimension of Y is less than n by hypothesis, and
this implies that the cohomology group in question is trivial [Mi, Thm. 1.1, p. 221];
this contradiction shows that the first alternative does not hold. But if the second
alternative holds then one can use a Bockstein argument to show tllat H3(Y;Zy) # 0,
and this contradicts the splitinjectivity of H*(Y; Z;) — H*(X; Z¢) and the triviality
of H(X,; Zy) ~ H*¥(V;Zy). It follows that the Z/¢ completion of Y is 2-
connected as claimed. W

Corollary 1.3.  In the setting described above, the Z/{ completion of (X)e is
the homotopy fiber of the induced map of 7/ completions from Xif} to Ye{f ),

The corollary follows by combining Proposition 1.2 with Friedlander’s exact ho-
motopy sequence [Frl, Cor.4.8,p.34]]. ®

Corollary 1.3 combines with the standard finiteness theorem of etale cohomology
(IMi, §VI.2] or [Fr2, §7]) to yield an algebraic version of a standard result on topo-
logical fiberings. Following standard practice, if £ is a prime and X is a space whose
Z/¢ cohomology groups are finite in each dimension and trivial in all but finitely
many dimensions, then the mod ¢ Euler characteristic x (X; Z/¢) is the alternating
sum of the dimensions of the Z/¢ cohomology groups of X.

PROPOSITION 1.4. (Compare [J, p. 491, line 6].) In the setting above, the Z /¢
cohomology groups of the spaces X, X, Y are finite in each dimension and trivial
for almost all dimensions and the mod £ Euler characteristics of these objects satisfy
X(Xps Z/8) = x (Y Z/0) - x(Xy; Z/2).

The results of Proposition 1.2 reduce the conclusion of (1.4) to a special case of
[McL, Cor. XI.2.1,p.323]. M

Since X, and Y are complete nonsingular varieties, basic results of etale theory
imply that both satisfy Poincaré duality for suitably twisted Z/£ coefficients (see
[Mi, §6.11] or [Fr2, Thm. 17.6, p. 180, and the second part of Prop. 7.6, pp. 68—-69]);
specifically, the cohomology in a given dimension with ordinary Z/£ coefficients is
isomorphic to the cohomology with coefficients in a locally constant sheaf with stalks
isomorphic to Z /£ (i.e., the Tate twist as defined in [Mi, p. 163] or [Fr2, pp. 170-171]).
The simply connectivity properties of Proposition 1.2 imply that these locally constant
sheaves are in fact constant over X, and Y, and therefore one has, in fact, Poincaré
duality with respect to untwisted coefficients. If we combine this and Proposition 1.4
with the previous observations, we obtain useful algebraic analogs of some standard
facts about the mod 2 cohomology of Poincaré duality spaces.
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PROPOSITION 1.5. In the setting of Proposition 1.2, assume further that p > 2,
£ =2,and x(Xp; Z/2) is odd. Then the cohomological dimensions of Xy, X, and Y
are all divisible by 4, the dimension of the middle dimensional Z,/2 cohomology group
is odd, and for each object there is a class in the middle dimensional cohomology group

whose square (with respect to the usual cup product) generates the top dimensional
cohomology.

Proof. The mod 2 Euler characteristics of X, and Y are both odd by Proposition
1.4, and therefore it suffices to show that the conclusions of the proposition are all true
if W is complete and nonsingular over an algebraically closed field of characteristic
# 2 and the 2-adic completion of its Grothendieck (equivalently, its etale) fundamental
group is trivial. Under these conditions W satisfies Poincaré duality with respect to
untwisted Z/2 coefficients and the mod 2 Euler characteristic is defined; for the
sake of definiteness let m denote the algebraic dimension of W, so that 2m is its
cohomological dimension. Duality implies that the mod 2 Euler characteristic is
congruent to dim H™(W; Z/2) mod 2, and hence the latter is also odd. Since the
cup product form on the latter cohomology group defines a nondegenerate symmetric
blinear form on dim H™(W; Z/2), it follows that some element of the latter must
have nonzero cup square. This proves everything except the evenness of m. Choose
v € H™(W;Z/2) so that Sq" v = v?> # 0. Assume that m is odd and write
m = 2j + 1. Then the Adem relation Sq**! = Sq' Sq* implies that v? lies in
Sq' (H m-\(W, 7/ 2)) (Note: The Adem relations for Steenrod squares are discussed
explicitly in [ES]). On the other hand, by Poincaré duality we have H?"~1(W; Z/2) ~
H'(W; Z/2), and the latter group is trivial by the fundamental group condition. This
implies that v2 = 0, contradicting our choice of v and thereby showing that m must
be even as claimed. W

The operation of Sq* on Grassmann varieties. For the remainder of this section
we shall no longer assume the default hypotheses.

We shall conclude this section with a result that is useful in analyzing the mod
2 cohomology of the base space for an algebraic fibering of a Grassmann varieties.
If X is a space whose mod 2 cohomology is concentrated in even dimensions, then
the Adem relations imply that Sq Sq*> = 0 on H*(X; Z/2); more generally, given
an arbitrary space X for which Sq? Sq?> = 0 one can form the Sq?>-homology of
H*(X; Z/2) as in, say, [ABP]. Even more generally, if m is a positive integer such that
Sq™ Sq™ = 0 on H*(X; Z/2) then one can form the Sq™-homology of H*(X; Z/2)
and we shall denote these groups by

H (H*(X; Z/2); Sq")

(cf. [ABP, p. 275, second paragraph following Thm. 3.1]); by construction this object
is a graded Z/2 vector space. Since Sq' Sq' = 0 it follows that Sq' homology is
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defined for all spaces; under the standard identification of Sq' with the Bockstein for
the short exact sequence

0 Z/2—Z/4A—>T7/2—0

the Sq' homology corresponds to the E? term in the 2-primary Bockstein spectral
sequence (the latter is discussed in [Z, §3.3]).

PROPOSITION 1.7. Letn > 5. In dimensions < 2n — 5 the graded qu homology
group of the Grasssmann varieties H(H* (G, 2(C); Z/2); qu) is isomorphic to Z/2
in all dimensions divisible by 8 and zero in all other dimensions. For each k > 0 the
nonzero class in dimension 8k is represented by b* where b € H*(G, »(C); Z/2) is
indecomposable. If n is even the same conclusion also holds in dimensions < 2n — 3.

Reminder. The results of etale homotopy theory imply that one can replace C by
an arbitrary algebraically closed field F of characteristic # 2.

Proof. Standard results on the mod 2 cohomology of homogeneous spaces imply
that H>*(G, »(C); Z/2) ~ H*(G,1(R); Z/2) such that the action of Sq* in the
former corresponds to the action of Sq’ in the latter. Thus it suffices to determine
HH*(G,2(R); Z/2); Sq‘) in dimensions < n — 3 and to double all dimensions
afterwards. Since the standard map from G, (R) to BO; induces an isomorphism
of mod 2 cohomology in dimensions < n — 2, the problem reduces to computing
H(H*(BOy; Z/2); Sq') in dimensions < n — 3. It is known that all torsion in
H*(BO0,; Z) is 2-torsion (e.g., see [Bor2, §24]), and therefore the identification of
the Sq' homology with the E? term of the Bockstein spectral sequence implies that

H(H*(Gn 2(R); Z/2); 8q') = (H*(Gn2(R); Z)/Torsion) ® Zo.

On the other hand, it is also known that H*(G,, 2(R); Z)/Torsion is a polynomial
ring on a 4-dimensional generator in dimensions < n — 3 such that the image
of the generator under mod 2 reduction is the square of the indecomposable class
in H*(G,2(R); Z/2). Therefore through dimension n — 2 the Sql homology of
H*(G,2(R); Z/2) is Z/2 in all nonnegative dimensions divisible by 4 and zero
otherwise, with the generators of the nonzero groups given by even powers of an
indecomposable class in H2(G,2(R); Z/2). As indicated in the first sentence of
this paragraph, the statement regarding the Sq* cohomology of H*(G,, 2(C); Z/2) in
dimensions < 2n — 5 follows directly from this.

If n is even then the sharper conclusion in the last sentence of the proposition will
follow if we know that all torsion in H*(G,»(R); Z) is 2-torsion and the quotient
H*(G,2(R); Z)/Torsion is a polynomial algebra on one generator through dimension
n— 1. To verify these, consider the double covering of G, »(R) by the oriented Grass-
mann varieties GIZ(R) of oriented 2-planes in R”. Since this is a 2-sheeted covering,
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the assertion regarding torsion will follow if H *(G;z(R); Z) is torsion free and the
assertion on the multiplicative structure mod torsion will follow if H* (G,J{‘Z(]R); Z)
is a polynomial algebra on one generator through dimension n — 1. By the results of
[Lai], the integral cohomology of GI2(IR) satisfies both of these conditions. B

2. Applications to Grassmann varieties

In [J, §5], R. Joshua used the etale transfer and the methods of [BG1] to prove that
a projective space FP?" admits no smooth maps to a nonsingular projective variety
V over F such that the fibers are connected and 0 < dimV < 2n provided the
characteristic of F is odd. Here is the corresponding result for Grassmann manifolds
of 2-planes.

THEOREM 2.1. Let n > 6 be an integer congruent to 2 mod 4, and let F be a
field of characteristic # 2. Then there are no smooth maps from the Grassmann
varieties G, »(F) to a nonsingular projective variety V over F such that the fibers are
connected and 0 < dimV < dim G, »(IF).

Proof. In [J], Joshua proves his nonfibering theorem for even dimensional pro-
jective spaces by a straightforward modification of the argument in [BG1]. However,
it is not possible to find a similar extension of the proof in [Sch] for Grassmann
varieties of 2-planes over the complex numbers because the proof in [Sch] uses the
Hodge Signature Theorem for Kéhler manifolds and signatures are not definable for
cohomology over the £-adic numbers. Therefore it is necessary to give a different
argument. Since the Euler characteristic of G, 2(C) is the binomial coefficient ('2’)
and the latter is odd if n = 2, 3 mod 4, we can apply the machinery of the preceding
section if £ = 2.

Assume that there is a smooth map II: G, >(F) — V, where V is a nonsingular
projective variety over IF, the fibers are connected, and

0 < dimnr V < dim]F Gn’z(F) =2n —4.

Let L be an arbitrary fiber of this map; if L’ is another fiber, then L and L’ might not
be isomorphic, but they determine the same etale homotopy type (cf. [J, p. 455, four
lines preceding Thm. 1.2]). As in the topological setting, the existence of a transfer
for IT implies that the induced map IT" in mod 2 etale cohomology is injective;
in fact, IT" is split injective both as a map of modules over the Steenrod algebra
(1, and as a map of modules over the graded ring H*(V, Z/2), where the module
structure over H*(G, 2(IF); Z/2) is defined by the graded ring homomorphism .
The topological version of this is stated in [Sch, (5.2)—(5.3), p. 200]; the algebraic
analog of [Sch, (5.2)] follows because the etale transfer is a map in the stable category,
and the algebraic analog of [Sch, (5.3)] follows by the multiplicative properties of the
etale homotopy transfer [J, Thm. 3.2, p. 474]. If d = dimy V, then the nonvanishing
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of H?(V; Z/2) implies that V., is not contractible; since the injectivity of IT" implies
that the first nonzero cohomology of V appears in an even dimension, it follows that
the connectivity is an odd integer, say 2r — 1. By Proposition 1.1 we know thatr > 2.

ASSERTION 2.2. IfV andr are given as in the previous paragraph, then dimy L >
2r —2,2r < n — 1 and SQ? is injective on H” (V; Z.)2).

Proof of Assertion 2.2. The assumptions imply that the restriction map from
HI(G,2(F); Z/2) to H/(L;Z/2) is bijective in dimensions < 2r — 2. We shall
first note that r < n — 2. To see this, note that 2r < dimy V by Proposition 1.5
and Poincaré duality, and combine this with the elementary inequality dimp V <
dimg G, 2(F) = 2n — 4. Since the mod 2 etale cohomology groups of G, »(IF) are
concentrated in even dimensions and the dimensions of the even dimensional groups
are nondecreasing through dimension 2n — 4, it follows that the analogous statement
holds for the mod 2 etale cohomology of L through dimension 2r — 2. If we let d be
the dimension of L as before, then by Poincaré duality the mod 2 etale cohomology
groups of L from dimension 2d — 2r + 2 to 2d are also concentrated in even dimen-
sions and the dimensions of the even dimensional groups are nonincreasing. These
facts and the evenness of d (by Prop. 1.5) imply the inequality dimp L > 2r — 2.

The inequality 2r < n — 1 is an immediate consequence of dimg L > 2r — 2,
dimp V > 2r and

dimy L + dimy V = dimp G, 2(F) = 2n — 4.

Let M* C H*(G,2(IF); Z/2) be the direct summand that is complementary to the
image of IT"; as noted before, M* is closed with respect to the operations of @, and
H*(V;Z/2). Ifthereisaclassu € H* (V; Z/2) with Sq2 u = 0, then the inequalities
2r <n—1andn > 6 imply 2r + 2 < 2n — 4, and therefore by Proposition 1.7 we
know that u = Sq2u; + K c2’/ 21 for some cohomology class u; and some constant K,
where we assume K = 0 if r is not divisible by 4. Since M* = H*(G,2(F); Z/2)
below dimension 2r, it follows that u; € M* and if r = 4t then ¢/ = & = Sq/ ¢}
also lies in M*; therefore u € M™*, and since M* is complementary to the image
of IT" it follows that 1 = 0. Consequently Sq* must be injective on the image

ofIT". m

Our next objective is to compare the dimensions of L and V.

Assertion 2.3.  The dimensions of V and L satisfy dimp L < n — 4 and dimp B
>n.

Proof of Assertion 2.3. Suppose that dimg V < n — 1. Since H*(G,»(F); Z/2)
is a polynomial ring below dimension 2n—2, it follows from Assertion 2.2 that the mod
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2 etale cohomology of V is nonzero in all dimensions of the form 2q = 2(s +¢)r + 2t
wheres,t > 0,s+¢ > 0,and g < n—2. In particular, if the mod 2 etale cohomology
of V is zero in all dimensions from i through j, where i < j and 2r < j < 2n —2,
then j —i < 2r — 4 and equality can hold only if i = 2r 4 2. On the other hand,
if r > 2 and e = dimy V then 2e < 2n — 2 and by Poincaré duality the mod 2 etale
cohomology of V is zero in all dimensions from 2e — 2r + 1 through 2e¢ — 1, and by
assumption we have 2¢ — 1 < 2n — 2. Since 2e — 1) — 2e —2r +1) =2r — 2, we
obtain a contradiction to the inequality j —i <2r —4. N

Recall (e.g., from [Sp, pp. 34-35] or [Z, p. 9]) that a topological space X with
basepoint e is said to be an H-space (or Hopf space) if there is a continuous map
u: X x X — X such that the restrictions of i to X x {e} and {e} x X are homotopic
to the identity. We shall say that X is a finite H-space if in addition X is homotopy
equivalent to a finite complex (recall also that the most basic examples of finite
H-spaces are compact Lie groups and §7).

In the proof of the nonfibering theorems for even dimensional projective spaces
that is outlined in [Sch, Remark 5.5, p. 200], one of the steps involved taking the
composite of a smooth map on the projective space with the standard homogeneous
coordinate map from F2*+! — {0} to FP?*. The benefit of doing this is that one obtains
a new smooth map for which the 2-adic completion of the etale homotopy type is
the 2-adic completion of a finite H-space, which by the results of [Br] must be a
sphere of dimension 1, 3, or 7. We would like to do something similar for Grassmann
varieties of 2-planes. More generally, if I is an arbitrary algebraically closed field
and W,, ;(F) denotes the set of n x k matrices over F with rank k, where k < n,
then the Pliicker coordinate map defines a smooth map @ from W, ;(F) to FPV,
where N = (Z), whose image is G, (F); since W,, ;(IF) is defined to be the set of
matrices such that some k& x k submatrix has a nontrivial determinant, this set of
matrices determines a Zariski open subset of F* and hence is isomorphic to an affine
variety; by construction the equations defining this variety have integral coefficients.
Specializing now to the case k = 2 where n satisfies the conditions of Theorem 2.1,
we shall now consider the etale homotopy types of the fibers of the composite map
Ho:W,,F) - V. =m

ASSERTION 2.4.  In the setting of the previous paragraph, let A’ be the homotopy

fiber of 1T o) 47{2} Then A’ is an H-space whose Z/2 cohomology is finite in each
dimension and zero in all but finitely many dimensions; a similar conclusion holds
for the Zz cohomology of A’ with “finitely generated over Zz replacing “finite”.

This assertion and straightforward analogs of standard results on finite H-spaces
yield the following additional information.
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COMPLEMENT 2.5. If A’ is given as before, then there is a space P and a map p
from P to A’ such that

(i) thespace P is aproduct of 2-profinite completions of odd-dimensional spheres,

(ii) the map p induces isomorphisms of homotopy groups tensored with the ra-
tionals and of cohomology with 2-adic integer coefficients tensored with the
rationals.

Proof of Assertion 2.4. First of all, the standard compaﬂson theorems for ho-
motopy types over different fields imply that Wnyz(IF‘)éf} is homotopy equivalent to
W,.2(C)®, which in turn is homotopy equivalent to the complex Stiefel manifold
V,2(C)®?). Furthermore, the naturality properties of these comparisons imply that the

associated map <1> 12} corresponds to the canonical map from V,,, 2(@)@ to G, 2(C)‘2A’
under these homotopy equlvalences Since this canonical map is the homotopy fiber

of the map from G,,, 2(©P to BUZ‘Z} given by the 2-profinite completion of the clas-
sifying map for the standard 2-plane bundle, standard results on pullback fibrations
and interlocking exact sequences imply that A’ is also equivalent to the homotopy
fiber of the following composite:

L? 5 G P =G, ©P - BUP?

In particular, it follows that A’ fibers homotopically over L{2l with homotopy fiber

U. {2’, so that the cohomology of A’ vanishes above dimension 2n — 4 (since the mod
2 etale cohomology of L vanishes above dimension 2n — 8 and dim U, = 4) Since

the Stiefel manifold V,, »(C) is (2n — 4)-connected it follows that W, 2(]F) is also

(2n —4)-connected, and therefore every map from A’ to W, »(F); 2 is nullhomotopic.
On the other hand, a standard result in algebraic topology states that a homotopy fiber
of a fibration is an H-space if the fiber inclusion is nullhomotopic (cf. [SW]), and

therefore A" must be an H-space. The fibration U, 2 - A > L‘f] also shows that
the groups H*(A'; Z/2) and H*(A'; Zz) are ﬁmtely generated in each dimension,
and the definition of A as the homotopy fiber of a map between 2-connected spaces
also shows that A’ is 1-connected. W

Proof of Complement 2.5 It is well known that the rational cohomology of a finite
H-space is isomorphic to an exterior algebra on a finite set of odd dimensional
generators (cf. the appendix to [MM]); we claim that the analogous statement holds
for H*(A’; Z) ® Q. Assertion 2.4 and the Kiinneth formula in Proposition 1.1A
imply that H*(A’; Z,) ® Q is a connected cocommutative Hopf algebra over , that
is finite dimensional in each grading and zero in all but finitely many dimensions,
and because of this the standard arguments for finite H-spaces extend directly to the
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type of example under consideration (e.g., see [MM, Thm. 7.5, p. 252, and remarks
on p. 253 following the proof]).

The remainder of the proof is similar to the argument establishing the correspond-
ing result for simply connected finite H-spaces. By the Kiinneth formula there is a
map p; from A’ to a product of Eilenberg-MacLane spaces

P =K(Zy,ny) x - x K(Zy,ny)

(where eacll n; is odd) such that p; induces an isomorphism on rationalized cohomol-
ogy with Z, coefficients. Define I" to be the homotopy fiber of p;; by construction
the homotopy groups of I' are finite 2-groups in all dimensions. Let P be the product
of the corresponding 2-profinite completions of spheres

P= (Sm){?l X e (Snr){?l

and let J be the product of the maps (§")2 — K(Zy,n ;) that are surjections in
Z’\/Z cohomology (and bijections in rationalized 27:2 cohomology). Furthermore, let
W¥: P — P be the product of the maps of degree 2 on the factors (5%),

The proof of Complement 2.5 reduces to showing that there is a self map w of P
inducing an isomorphism of rationalized Z/2 cohomology such that the composite
Jew lifts tc A’. Such a lifting obviously exists on the 0-skeleton of a CW complex
representing P, so suppose by induction that a lifting of this sort has been constructed
onthe k-skeleton. Ifk > 3 n j then H k+1(p: 7r) = 0 for all finite abelian 2-groups 7,
and since 7,1 (I") is a finite abelian 2-group there are no obstructions to extending the
lifting to the (k + 1)-skeleton. Suppose therefore thatk < ) n;. Then the obstruction
to lifing the map J °w over the (k 4 1)-skeleton lies in the group H k1P w1 (D)),
Let g be the exponent of this group; by construction ¢ = 2’ for some nonnegative
integer ¢. If ! denotes the ¢-fold iterate of ¥, then image of the induced self map
Wl of H*1(P; ) consists of elements divisble by ¢ = 2’ for an arbitrary abelian
group 7. The naturality properties of obstructions then show that the obstruction to
lifting J > ¥ are trivial. Replace w with w°W¥!" yields the inductive step needed
to proceed to the next dimension if k + 1 < Y n;. Since the self map w only
changes at finitely many steps, this yields a lifting of some map of the form J-w as
required. W

COROLLARY 2.6. For each j > 1 the rationalized homotopy group w;(A") ® Q

is a finite dimensional vector space over Q,. These groups are zero if j is even or
Jj=2n-5.

Proof. The groups m; (A") are 2-profinite completions of finitely generated abelian
groups by Proposition 1.1 and Assertion 2.4, and the conclusion of the first sentence
of the corollary follows immediately from these facts. To prove the statement in the
second sentence, consider the map P — A’ in Complement 2.5. By construction
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the induced morphisms of Zz cohomology groups have finite kernels and cokernels.
Since the homotopy groups of P and A’ are 2-profinite, a straightforward analog of
the usual Serre C-theoretic arguments shows that the morphism of homotopy groups
induced by the map P — A’ also has finite kernel and cokernel. In particular,
(AN ® Qz is isomorphic to . (P) ® Qz, since the latter groups vanish in even
dimensions, the corresponding statement also holds for the rational homotopy groups
of A’. On the other hand, if d = dimg L, then the Serre spectral sequence of the fi-

bration Uzm - A > ij] shows that the Zz cohomology groups of A’ vanish above
dimension 2d + 4, and therefore the same is true for the rationalized cohomology of
Q ; in fact, since the cohomology of P is torsion free the same conclusion holds for
Z; cohomology. Since P is a product of 2-profinite completions of odd dimensional
spheres, it follows that 77;(P) ® Q ~ 7;(A’) ® Q must be trivial if j > 2d + 4, and
since d < n — 4 this implies the vanishing of the rationalized homotopy groups if
j>2n—4. N

The conclusions of 2.4-2.6 have strong implications for the rationalized homotopy
and .72'; cohomology groups of the base space Ve{f}.

ASSERTION 2.7.  Let 2r be the first positive integer for which H (V;Z/2) #0.

Then the rational homotopy groups of Ve{tz) are 1-dimensional @ vector spaces in
degrees 2r, 2r +2,2n — 3 and 2n — 1, and all remaining rational homotopy groups

vanish. Furthermore, the Poincaré polynomial for the cohomology of VC‘,Z] with Z/2
or Zy coefficients is given by

(1 _ t2n—2)(1 _ t2n)
a- t2r)(1 — t2’+2) :

As in [HLP1-2] (and many other references) if A* is a graded vector space over a
field k that is finite dimensional in each grading, then its Poincaré series p(A; k) is
given by

0
> dim Al -

j=—o0

and similarly if the grading is a subscript rather than a superscript. If A/ = 0 for
J <0and j > M for some positive integer M, this series is often called the Poincaré
polynomial.

Before proving Assertion 2.7 we shall derive some consequences. If we were
working with topological fiberings these would follow quickly from the results of [HLP

2] on rational fibrations for which the fiber and base have the rational cohomology of
finite complexes.
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COROLLARY 2.8. The dimension of the fiber L over the field F (in the sense of
algebraic geometry) is equal to 2r — 2, the Poincaré polynomial for the cohomology

of Lif} with Z/2 or Zz coefficients is given by

(1 _ t2r+2)(1 _ t2r)
A=) —14

and the morphisms in 7/2 or Z} cohomology associated to the inclusion of L in

G,2(F) are surjective (hence the Serre spectral sequences collapse over these coef-
ficients).

Recall that the formal cohomological dimension of L (= the top dimension with
nonzero cohomology) is equal to twice the dimension of L as a variety over [F.

Proof that Assertion 2.7 implies Corollary 2.8. The Poincaré polynomial
formula in Assertion 2.7 implies that dimp V = 2(n — r) — 2, and the formula for
dimy L follows from this because the sum of the fiber and base dimensions is 2n —
(= the dimension of the Grassmann variety). The argument in the first Baragraph
of the proof of Assertion 2.2 then shows that H*(L; Z/2) and H*(L; Z,) vanish
in all odd dimensions and completely determine the dimensions of the cohomology
groups in all even dimensions. Since these cohomology groups are isomorphic to
the corresponding cohomology groups in dimensions < 2r — 2, it follows that the
Poincaré polynomial must be given by the formula given above. The collapsing of the
Serre spectral sequences now follows because the cohomology groups of the fiber and
base are both concentrated in even dimensions, and the surjectivity of the restriction
maps in cohomology follows immediately from this.

Proof of Assertion 2.1.  Let M be the Postnikov approximation to Ve{tZ} such that

the map Ve‘f} — M is (2n — 3)-connected and the homotopy groups of M vanish in
dimensions > 2n — 3. This map fits into the commutative diagram displayed below,
in which the horizontal sequences represent fibrations:

A Wo®P —— v

l | |

QM) — PWM) —— M
In this diagram $2(M) denotes the based loop space of M and P(M) denotes the
contractible space of paths in M that begin at a prescribed basepoint. By construction
the map from W, » (]F)f,f} to M is nullhomotopic, and therefore the map from W, »(F)
to Ve{tz’ factors through the homotopy fiber T of the map from Ve{f] — M. Since
W,2(F) >~ V,2(C)? is (2n — 4)-connected, a chase of the diagram implies that
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the map A’ — Q(M) is (2n — 4) connected and induces an isomorphism of rational

homotopy groups; these in turn imply that the map from W, )2(1[“)3’ to T induces
isomorphisms of rational homotopy groups and rationalized Z, cohomology (note
that the space T satisfies the conditions of Proposition 1.1 for £ = 2 so that the
appropriate finite generation conditions hold for its homotopy and cohomology).
Since the Z, cohomology groups of all spaces under consideration are finitely
generated Z, modules and the spaces are also simply connected, it follows that the

rationalized Serre spectral sequence for the fibration T — Ve{tz’ — M has the form

Ey' = (H'(M;Z:) ® Q) ® (H'(T; Z2) ® Q) = H'' (Vi 1) 9 Q

(note that the right hand term is isomorphic to the 2-adic cohomology of the variety V
as described in [Hrt]). Our next order of business is to determine the Poincaré series
P(Ey) for this spectral sequence. If f(¢) and g(¢) are the Poincaré series for the

rationalized Z} cohomology of M and Ve(tZ} respectively, then general considerations
imply thatp(E,) = f(#)(1+t7~3)(14+12*~1) (because p(T) = (1+12*73)(1412""1))
and p(Ex) = g(t), where the latter is in fact a polynomial in ¢ with no odd degree
terms because the cohomology of V is concentrated in even dimensions).

We begin by describing f(¢). By Corollary 2.6 we know that A’ has the same
rational homotopy groups as some product

P — (SZm,—l)@ X oo X (Squ—l)@

and by the preceding discussion we know that the rational homotopy groups of 2 (M)
are isomorphic to those of P. Proposition 1.1B implies that H*(M; Z,) ® Q mustbe a
polynomial algebra over Q; on generators in dimensions 2m, - - - 2m,,, and therefore
we have
1
t) = .
f® (1 = 2m) ... (1 — ¢2mq)

The connectivity assumptions imply that at one of the integers m; is equal to r;
furthermore, the 3-connectivity of M and Assertion 2.2 imply that at least one of the
integers m; is equal to r + 1. In particular, this implies that ¢ > 2.

Since E;" = 0if 0 < s < 4, it follows that the first nontrivial differentials appear
in E,,_>. Since nothing in odd total degrees can survive to E., and f(¢) has only
even degree terms, this forces the differentials d5,'_, to be injective if s = 2n — 3 or
4n — 4. The latter in turn implies that

P(Eznot) = (1 =t (1 + Y ().

Dimensional considerations imply that Eon = Ej,_; and Ep,; = Eo, and the
triviality of E, in odd total degrees implies that

g(t) = p(Ex) = P(Egn1) = (1 =t (1 — ") £ (1).
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If ¢ = 3 then the right hand side has a pole of order g — 2 > 1 at ¢t = 1; since the left
hand side is a polynomial in ¢ this is impossible. Therefore ¢ = 2 and the Poincaré
polynomial us given by the formula in the assertion. B

In the topological category the next result would also follow directly from the
theory of rational fibrations in [HLP2] (see also [Fe2]). It uses the standard description
of H*(G, 2(C); Z) as the quotient of the polynomial algebra on c; and c; modulo two
relations R,—; and R, in dimensions 2n — 2 and 2n respectively (e.g., this follows
immediately from [Bor1, Prop. 31.1, p. 202]; see also [BT, Prop. 23.2, pp. 293-2941]).

ASSERTION 2.9. Ifa, € H¥ (G, 2(C); 7) and o €H +2(G,, 2(C); Z) cor-
respond to the image of H¥ (V; Z) in H¥ (G, 2(F); Zy) for j = r,r + 1, then one
can choose the relations R,_| and R, to be polynomials in o, and o, .

Proof. Sinceihe Serre spectral sequence collapses it follows that H* (G 2(F); Zz)
is a free H*(V; Zz) module on x (L; Z;) generators that project to a set of free gen-
erators for H*(L; Zz) If R,—; could not be chosen to be a polynomial in ¢, and
O+l then the rank of H*(V; Zz) would be equal to the rank of the polynomial ring
Zz[oe,, o,41] through dimension 2n — 2, and this in turn would imply that the rank
of H*(G, 2(F); Zz) would equal the rank of Zz[cl, c3] through the same range of
dimensions. Since the latter does not hold, it follows that R,_; must be a polynomial
in«, and ;. Similarly, if R, can not be chosen to be a polynomial in these classes
then the ranks of H*(V; Zz) and Zz [er, ¢r4+1] would be equal through dimension 2n
except for dimension 2n — 2, and this would likewise yield an incorrect value for the
rank of H*(G,»(F); Zz) [ ]

Proof of Theorem 2.1. Let «, be given as in the preceding assertion. If 2r <
n — 1 it follows immediately that the image of o in Z/2 cohomology is nonzero,

and2r =n—1is imposs1ble since n is even. Therefore the mod 2 reduction &, maps
nontrivially under Sq*.

Now the mod 2 Euler characteristic of Lit} is odd by Proposition 1.5, and by
Corollary 2.8 its value is (’“) This implies that  is congruent to either 1 or 2 mod 4.
Therefore the Adem relations imply that Sq? is decomposable unless » = 2. If in fact
r > 3, then the structure of H*(V; Z/2) combines with this decomposability property
to show that Sq” 2 Sq’ @, = @* # 0. Since H*(V;Z/2) has no cohomology
between dimensions 2r + 2 and 4r it follows that qu"2 must be indecomposable,
so that » — 1 is a power of 2, and in fact the results of Adams on factorizations
of Steenrod squares by secondary operations imply that r — 1 must be either 2 or
4. These cases can be eliminated as follows: As in the proof of Assertion 2.2 let
M* C H*(G,2(F); Z/2) be the complementary direct summand to the image of
IT" with respect to the action of (. If r = 3 or 5 then direct computation in
H*(G, 2(C); Z/2) shows that qu @ =y'= Sq"‘l y for some (r + 1)-dimensional
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class y. Since r + 1 < 2r we must have y € M’*! and hence Sq’@,; = Sq'*'y e
M?¥+2: on the other hand, @, € Imageﬂ* implies qua_, € Image IT*, so that
Sq?@, = 0. The last equation contradicts Assertion 2.2, and therefore one cannot
have r =3 or 5.

We have now reduced the proof of Theorem 2.1 to eliminating the case where
r = 2, so for the balance of this section we shall make this assumption.

If polynomials p; are defined recursively by the formulas p_; = 0, p; = 1, and
Pk + pPr—1€1 + pr—2c2 = 0 then it is well known that p,_; and p, generate the ideal
of relations for H*(G,,2(C); Z/2). We shall need some explicit properties of these
relations:

ASSERTION 2.10. If p,— and p, are giyen as above and
c1,¢2 € H* (G 2(F); Z/2) = H*(G,2(C); Z/2)

are the standard generators, then p,_ is equal to c’l"1 plus terms divisible by c;.
Furthermore, if 2s is the unique even integer in the set {n — 1, n}, then py; = ¢ plus
terms divisible by c,.

This can be verified by an inductive argument.

ASSERTION 2.11.  If ay and o3 are given as in Assertion 2.9, then oy = ¢, + cf
and o3 = c¢1Cy.

Proof. Let M* be defined as in the proof of Assertion 2.2, and let
c1, 2 € H(Gy2(F); Z/2) = H*(Gy,2(C); Z/2)

be the standard generators. Since ¢; € M* by the connectivity assumption on V, it
follows that ¢ = Sq? ¢; € M* too, and the submodule properties of M* imply that
H*(V;Z/2) = Z/2 and a generator is given by ¢; + ¢2. Since Sq*(cz + ¢?) = cic2
the right hand side lies in the image of IT", and the additional relations given by

Sq? ¢} = ¢} = Sq*(c?) € Sq*(M*) c M8

imply that ¢, generates the image of IT" in dimension 6 as claimed.

Since n = 2mod4, we have n = 4k + 2 for some integer k > 2. By Assertion
2.10 we know that pgry; = c]”‘“ modulo terms divisible by ¢,. But no polynomial
in oy and a3 can be equal to an odd power of ¢; modulo terms divisible by c,, so
in particular p441 cannot be such a polynomial; since this contradicts Assertion 2.9,
the conclusion of Theorem 1 follows. W

As noted at the beginning of this paper, it seems likely that Theorem 2.1 extends to
cases where n = 3mod 4 but n + 1 is not a power of 2; in analogy with [Sch, Remark
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6.19, p. 607], one reason for optimism is that one cannot choose the polynomial
relations in

H*(G,2(F); Z/2) = Z/2[cy, c21/(Fu=1,Tn)

to be polynomials in ¢ + ¢; and cyc; if n + 1 is not a power of 2, and a condition of
this sort is usually necessary for the existence of compact fiberings in the topological
category of finite CW complexes (cf. [Fe2]). In contrast, one can choose the relations
to be polynomials of this sort if n = 7, 15 or 31. The following result shows that
Theorem 2.1 does extend in a substantial number of cases:

OBSERVATION 2.12.  The conclusion of Theorem 2.1 also holds if n > 11 is con-
gruent to 11 mod 12.

Note that the hypothesis on # is equivalent to n = 3 mod 4 and n = 2 mod 3.

Proof. Since the Euler characteristic of the Grassmann manifold of 2-planes in
n-space is () and the latter is odd if n = 3 mod 4, it follows that the entire discussion
of this section through the proof of Assertion 2.11 goes through in such cases.

To complete the proof, assume the conclusion of the theorem does not hold for
some value of n satisfying the given conditions, and note that by Corollary 2.8 the

mod 2 Euler characteristic of the etale fiber Lg} is equal to 3 because r = 2 (see
the second paragraph preceding the statement of Assertion 2.10). By Proposition

1.4 this implies that the mod 2 Euler characteristic of G,,,z(IF)lf}, which is equal to
the mod 2 Euler characteristic of G, 2(C), is divisible by 3. On the other hand, the
binomial coefficient (g) is divisible by 3 if and only if n is not congruent to 2 mod 3,
and therefore we have a contradiction if n = 3mod4 and n = 2 mod 3. Therefore
the conclusion of Theorem 2.1 holds whenever n satisfies the latter conditions. H

Final remarks. Several steps in the proof of Theorem 2.1 involve ideas from
rational homotopy theory. However, one cannot apply the standard machinery of
[Su2} or [HLP1-2] because the rational homotopy groups of an £-profinite completion
are either trivial or uncountable dimensional rational vector spaces. Given a space X
that is 1-connected and £-profinitely complete with finitely generated Z, cohomology
in each dimension, it would be extremely useful togave awell behaved £-adic minimal
model for the £-adic cohomology groups H*(X; Z,;) ® Q, with all their multiplicative
structure (including higher order Massey products), such that the £-adic minimal
model somehow refines the usual rational minimal model for H*(X; Q). If such a
theory of £-adic minimal models existed, several arguments in this paper could be
shortened or eliminated, and algebraic versions of many nonfibering theorems in [Fel]
for Grassmann varieties of 3-planes would follow directly by applying the techniques
of [Fel] and this paper to the £-adic completions of etale homotopy types and their
£-adic minimal models. Standard methods of rational homotopy (e.g., the techniques
of [GM)) yield candidates for the £-adic minimal models of spaces satisfying the
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conditions described above, but it is not obvious that these objects have the naturality
properties that are needed to work with them effectively.
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