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OPERATIONS AND SPECTRAL SEQUENCES. 1

JAMES M. TURNER

ABSTRACT. Using methods developed by W. Singer and J. P. May, we describe
a systematic approach to showing that many spectral sequences, determined
by a filtration on a complex whose homology has an action of operations,
possess a compatible action of the same operations. As a consequence, we
obtain W. Singer’s result for Steenrod operations on Serre spectral sequence
and extend A. Bahri’s action of Dyer-Lashof operations on the second quadrant
Eilenberg-Moore spectral sequence.

1. INTRODUCTION

Overview. This is intended to be the first in a series of papers to address the
question of finding a systematic approach for determining when spectral sequences
possess a “good” action of operations, provided it comes from a filtration on a chain
complex whose homology has an appropriate action of operations. In this paper, we
focus on those filtrations which give us either second quadrant homology spectral
sequences or first quadrant cohomology spectral sequences. Since the latter type
can be interpreted as a third quadrant homology spectral sequence, we can capture
both of these notions under the rubric of left plane spectral sequences.

We accomplish our goal, in this situation, by defining the notion of a Dold
algebra. This is essentially a chain complex with product which is “commutative
up to homotopy”. The definition and subsequent methods rely on the algebraic
machinery developed by J. P. May in [8]. From this definition, it is easy to see
that the homology of a Dold algebra has well defined action of operations. In order
to relate this to a spectral sequence coming from a filtration on a Dold algebra,
we define the notion of a p-filtration. We then show that the resulting spectral
sequence has a compatible action of operations, defined in a way that captures the
type of action originally constructed by W. Singer in [12] and [14].

With this in hand, we then focus our attention on bicomplexes and the spectral
sequences arising from the standard filtration on their total complexes. Again,
using the approach developed in [12] and [14], we give conditions on the bicomplex
so that this standard filtration is a p-filtration. We then analyze the E2-term.

To demonstrate the usefulness of our work, we recover W. Singer’s action of
Steenrod operations on the Serre spectral sequence, along with all the other appli-
cations he makes in [12] and [14]. We also extend A. Bahri’s action of Dyer-Lashof
operations on the Eilenberg-Moore spectral sequence associated to the pullback
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3816 JAMES M. TURNER

of infinite loop spaces ([1]), and generalize it to the homology spectral sequence
associated to a cosimplicial infinite loop space. For further applications see [15].
In the sequel [16] to this paper, we focus on the notion of ¢truncated Dold algebras
which serve to model, for example, the structure associated to the total complex
for the bicomplex coming from a cosimplicial iterated loop space. We also examine
right plane spectral sequences where we model phenomena such as occurs in [7].

Organization of this paper. In section 2, we review the needed material about
chain complexes, filtrations, and spectral sequences. In section 3, we stipulate what
we mean by an action of operations on homology and how it should behave in the
spectral sequence coming from a filtration. We then define Dold algebras and pu-
filtrations and then show that operations behave well in the associated spectral
sequence. All this is then applied, in section 4, to bicomplexes where we give
conditions so that the total complex is a p-filtered Dold algebra. We close the
section by examining the E2-term. Finally, in section 5, we give our applications.
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2. PRELIMINARIES ON CHAIN COMPLEXES

For simplicity all modules are over Fo. By a chain complex we mean a sequence
of Fo-modules and maps

- = i+18i—+l’cii>ci—1—>“'
for all integers i such that
(21) 8i8i+1 =0, 1€7Z,

and write (C, 9) for shorthand (or just C' when the boundary maps 0; are under-
stood). As usual, the homology of C of degree i is defined as

ker 0;
(2.2) H;(C) = O
This definition we use in order to capture the classic notion of homology and coho-
mology in one (see, e.g., [17]). We denote by Ch the category of chain complexes.

We now recall the definition (see, for example, [8]) of a key chain complex,
denoted W, and review its properties. Let 7 be the group {1,0 : 02 = 1} and
A = Fy[n], the group ring of 7 over Fo. We then let

Ale; i >0
(23) Wj — <ej>v .]._ )
0, 7 <0,
and define 0; by setting
(24) O;e; = (1 + 0')61'_1, 7> 0.
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OPERATIONS AND SPECTRAL SEQUENCES. I 3817

W is in fact a differentially graded coalgebra, that is, there is a map of chain com-

plexes
(2.5) A:W-WeW
making W a (graded) associative coalgebra. We define (2.5) by setting
(2.6) Ae,, = Z e ® Uiej.
itj=m

Note that A is a map of chain complexes over A.
Recall that given chain complexes C' and C’ their tensor product C' ® C’ is
defined by setting

(2.7) Celn= P Gadj

i+j=m

whose m!" boundary map is Z (0; @1 +1® 0;).
i+j=m
If C and C" are furthermore chain complexes over A, we define the m-product
C ® C’ to be the chain complex defined by the coequalizer

(2.8) coc S CoC —Coc.
1®0c

An easy calculation shows that W is an acyclic chain complex and that HoW &
Fy. Let € : W — F5 be the induced augmentation. Then W is a A-free resolution
of Fg.

When filtering a chain complex C, it will be of the form

.CFsCCFsticC...CC,

where s € Z. Given such a filtration there is an associated spectral sequence
{E",d"}, bigraded with

Fm

(2.9) Ep = W(C)mﬂa
with d° induced by d|pmc. This shows that

1 £
(210) Em,t = Hm+t W(C) .
In general, we can explicitly determine E” as follows: define the bigraded module
Z" by
(2.11) Zyr =12 € F"Cyyy 2 Ox € F™7"CY

it is then a standard exercise (see [17]) to show that

Zint
[aZrTn_—i-lr—l,t—r—l-Q + Z;'L_—ll,t+l] ’
and the differential 9 on C' induces
(2.13) d": By — Ep e

Letting Z} = @, Z),; then Z“‘1 C Z,,and Z] ., C Z; ! for all 7. Set
=, Z} .« Lettmg

(2.12) E’

m,t =

— T— r—1
m Bt 8Z +r 1,t—r+42 + Zm—l,t—i—l
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3818 JAMES M. TURNER

and By, =, By, . we have

(2.14) oo = Zme
. = B

In order to compare the spectral sequence to H.C we define a filtration { F*H,.C'}
by

F*H,.C = ker (H*C - H(FCC)) .

There is then a map
At F"Hpyp it C — B2,

which induces
_ Fm .
A W(Hm_i_tc) — E’m,t'
In general, we will say that a spectral sequence (E",d") is abutting to H.C if
there is a filtration, { F*H,.C'}, together with a map A, inducing A. We say such a
spectral sequence converges when \ is an isomorphism (see [17]).
We note that if C' and C" are filtered, then C' ® C” is filtered by setting

(2.15) F"(CeC)= Y FCaFC.
i+j=m
Finally, recall that a bicomplex is a doubly Z-graded module B which, for each
s, Bs . and B, 4 is a chain complex. We denote by 9" the horizontal differential
for B (i.e., " : Bsy — Bs_1.) and by 0" the vertical differential for B (i.e.,
0% : Bsy — Bgy—1). Thus 8"V = 9V0" and 0"0" = 0 = 9°9".
Given a bicomplex B, recall that its total complex T'(B) is defined by setting
T(B) = ] Bt
i>0
with total differential defined as the formal sum
o =o"+ 9"
We filter T'(B) by setting
FT(B)m = [ [ B=im+is
i>s

which we call the natural filtration of T'(B).

3. OPERATIONS, DOLD ALGEBRAS, AND SPECTRAL SEQUENCES

In this section, we focus on chain complexes whose homology possesses an action
of operations. In particular, we give conditions so that a chain complex has this
property. This is done through the notion of a Dold algebra, the definition of which,
and its relationship to operations, is due originally to A. Dold in [6] and generalized
by J. P. May in [8]. Once established, we will be able to give conditions for a
filtration on a Dold algebra so that a compatible well-behaved action of operations
occur on the spectral sequence. This utilizes an approach pioneered by W. Singer
in [12] and [14].

Definition 3.1. A chain complex C possesses an action of operations if
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OPERATIONS AND SPECTRAL SEQUENCES. I 3819

(1) H.C is a graded commutative algebra (not necessarily with unit);
(2) for all integers i there are homomorphisms

Q': H,C — H,..C
such that
(a) Q'=0, i<n,
(b) Q" = 2.
We further call C' unstable if, in addition,
() Q'=0, i>0,
and define, for ¢ > 0, the Steenrod operation
Sq': H,C — H,_;C
by setting
Sq'=Q".
We next make the

Definition 3.2. A Dold algebra is a chain complex C together with a map of
chain complexes

6 : W?(C@O)%C,
where C' ® C' is a A-module by having 7 act by permutation. We denote a Dold
algebra by (C,0) (or just C' when 6 is understood).
Given a Dold algebra (C,6) and m > 0 define a map of graded modules
(3.16) Om: CRC—C
of degree m, defined by setting
(3.17) Oz @) = 0(em ® (2 ®Y)).

™

For m > 0, define the set map

(3.18) q": C—=C

of degree m, by setting, for x € Cy,

(3.19) q"™(z) = Op—i(z @ x) + Op—p+1(z @ Ox).
An easy exercise shows that

(3.20) oq™ = ¢mo.

Furthermore, one can check that for each k£ the induced map
(3.21) Q™: Hy,C — Hpyip,C

is a homomorphism. Since we have a natural map
H.(C)® H.(C) — H.(C® C),

given by [u] ® [v] — [u ® v], then §y induces

(3.22) p: H.C® H.C — H,C,

which is a commutative product for H,C. It is now easy to check that
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3820 JAMES M. TURNER

Proposition 3.3. Let (C,0) be a Dold algebra. Then, using (3.21) and (5.22),
C possesses an action of operations. We call this action the induced action of
operations.

We now present a useful context under which Dold algebras arise. Let £ and F
be two categories. Given a functor

F:&ExE—-F
define its twisting to be the functor
Fo:EXE—F

given by F?(C,D) = F(D,C). We then say that the group 7 acts on F' if there
are natural maps

ov: F— F° :0",

such that o*0, = 1F and o,0* = 1po.
Given two functors F,G : € x £ — F on which 7 acts, then a natural map
f+ F — G is equivariant if the diagram

comimutes.

Definition 3.4. A triple (&, ®, () is called a complex tensor category if £ is
an abelian tensor category (or symmetric monoidal category) with tensor product

R :ExE—€E

and C : £ — Ch is a fixed functor.

Example. Let M be the category of (graded) Fa-modules with the usual tensor
product K. Then the category of simplicial modules s M becomes a tensor category
under the simplicial tensor product ) where

The functor C' : sM — Ch can be chosen to be the normalization functor, which
is an equivalence by the Dold-Kan theorem (see [17]). Unfortunately, C(V@W)
and C(V) @ C(W) are only isomorphic after passing to the homotopy category
via the Eilenberg-Zilber theorem. This theorem was extended by Dold in [6] to
extract more information from this relationship. We now follow Dold’s approach
for constructing Dold algebras.

Fix the natural transformation (of graded abelian groups) of degree ¢

ag: XR)o(Cx C) =W (Qo(Cx0)),

which is essentially e; ® 1. Thus a0 = (1 ® 9)ay.
We now make the
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OPERATIONS AND SPECTRAL SEQUENCES. I 3821

Definition 3.5. A homotopy deviation, associated to a complex tensor category
(€,Q,C), is an equivariant chain map

v:Wa(R)o(CxC)—ColX)
where 7 acts diagonally on the left, such that:
(1) For each ¢ the natural composite

Qq

C(=)—g®C(=)—g = (R)o(C x C)) 29 5

(W& (X)o(CxC))—g — (Co@))-q

is a monomorphism.
(2) For any 4, j the natural composite

Qq

C(—)=i®C(=)—j = (R)o(C x C))—ij =5

(W & (R)o(C x C)))gmig —= (C 0 R)gmics

is trivial if either ¢ > i or ¢ > j.

Let (E, 1) be a commutative algebroid in a complex tensor category (€, &), C)
possessing a homotopy deviation V. Then we have a chain map

0:We((CE)eCE)) — CE)
which is induced from the composite
W e (R)o(C x ONI(E,E) % (CoQ)E,E) ™ C(E)
since V is equivariant and p is commutative. Thus (C(E),0) is a Dold algebra and

Proposition 3.6. The induced action on (C(E),0) gives C(E) an unstable action
of operations.

Proof. From above, we just need to check instability, but this follows easily from
the definitions and (2) of Definition 3.5. O

We now turn to spectral sequences. We will assume, for the remainder of this
paper, that a spectral sequence { E™,d"} will be left plane spectral sequence, i.e.,
E{, =0, s >0. We thus assume that for any chain complex C, a filtration {F*}
must be a left filtration, i.e., F*C' =0, s > 0. We now stipulate when operations
should behave well with respect to a left plane spectral sequence.

Definition 3.7. Let C be a chain complex possessing an action of operations and
{E",d"} a left plane spectral sequence abutting to H,C with induced filtration
{F*H,C}. We then call the action of operations well behaved with respect to
{E",d"} if for any r > 2 there exist homomorphisms

W Eim,t ® Eiq,u - ET

—m—q,t+u;
s . T T
Qv . E—m,t - E—m,t—i—s’

and
s . T w
Qh . E—m,t - E—m—t+s,2t7

for some 2r—2 > w > r (see [14]), such that the following hold for a fixed € E” , ,.
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3822 JAMES M. TURNER

(1) Qix=0,for s <t, Q5x=0,for s <t—mors>t and Qlx = Q\x.

(2) Suppose z survives to [¥] € E¢, £ > r. Then Qx survives to E¢ and Q% [z] =
[Q3z]. Further, if £ > w, then Q; z survives to E* and Q5 [z] = [Q; z]. Finally,
if y € E",, survives to E*, then p(z ® y) survives to E* and p([z] ® [y]) =
[u(z ®y)].

(3) Ford"x € E”,, ., ; we have that
(a) Ify € E, ,, then

t—m—1

'z ©y) =p(dz@y) +pleody) +q " .
0, otherwise.

Y, y= drx’

(b) Both Q3z and Qfd"x survive to EV and
d¥Qsx = Q5d x
where

_ 2r — 1+t —s, t<s<t+r—1,
) 2r—1, t—s<s<t.

(¢c) ft+r—1<s, then dQ5z = Q5d" x.
Furthermore, under the map
A: FF™H,C — E*,

we have that for x € F~" H,C the following holds.
(4) fy e F79H,C, then p(z®y) € F~™ 91H;4,C, and Mu(z ®y) = u(Az @ Ay).
(5) For any s, if
(a) t < s <t+m,then Q°z € F~?"" ' H, .C and \Q*z = Q5 \z.
(b) If t + m < s, then Q°z € F~"H;1,C and A\Q°z = Q3 \x.

If {E7,d"} is induced by a left filtration {F*C'}, we call the action of operations
well behaved with respect to { F*C'} if it is well behaved with respect to {E", d" }.
We now turn to Dold algebras and determine when a filtration is well behaved
with respect to the induced action of operations. First, note that if C' and D are
filtered chain complexes over A, then we filter C' ® D by letting F™(C' ® D) be the

image of F™(C ® D). Next we filter W by setting
; W, 0<qg<y;
(FJW)q: q» _q_.]a
0, otherwise.

Nonetheless, we use this to define F™ (W ® (C®C)), for any filtered chain complex

C, as before. We then call a Dold algebra (C,6) filtered if there is a filtration
{F™C'} such that, for each m, 6 induces

0: F"(W® (C®C)) — F™C.

Unfortunately, this is insufficient for our needs. To accomplish our goal we define
the p-filtration of W ® (C' ® C) by setting

(3.23) F'(W ® (C®0))

— Z FW@F" (CeC)+W e F*™ 1 (C(C).

i<—m—1
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We then call a filtered Dold algebra (C,0) u-filtered if for all m

O(F (W ® (C®0)))cFmC.

We now proceed to prove

Theorem 3.8. Let (C,0) be a p-filtered Dold algebra. Then the induced action of
operations on C is well behaved with respect to this filtration.

We first prove

Proposition 3.9. Let (C,0) be a u-filtered Dold algebra. Let {E",d"} be the as-
sociated left plane spectral sequence. Suppose r > 2 and x € Z*,, ;. Then, if

(1) t —m < s < t, there exists an integer w, with r < w < 2r — 2, such that
¢°r € ZY,,_ 41500 and the correspondence

r— ¢’z
passes to a homomorphism
Q?L : Eim,t - El—um—t+s,2t;
(2) ift < s, we have ¢°v € Z” , ,, ; and the correspondence
x— ¢’z
passes to a homomorphism
Qy: Eim,t - Eim,t—l—s'

Proof. (1) Sincex € Z”,, ,, then z®@x € F~?™(C®C). We have e5_11m @ (z@z) €
F=m=ts (W@ (C®C)); thus Os_t1m(z @) is in F~™~5C since C is a filtered
Dold algebra. Also, 0z € F~™"C, so

95—t+m+1(x X 821?) S F—m—r—t+s+10 - F—m+t+sc7 r>1.
Thus ¢*z € F~™~"$C and by (3.20)

0¢°t = Oppm_i1(07 ® 0x) € Fm=2r—trstlc

C F—m—t+s—wc
= Y

for any 2r — 2 > w > r; hence ¢°x € ZY,, ;. ;. By a similar analysis, w can be
finessed so that ¢z € BY,, ;4. See [14] for further details.
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Next, given z,y € Z”,, , we show ¢°(z+y)—q°z—q°y represents 0 € E”,, ;. .
Let k=t —m,

C@ty)—do—gy = Hess 2(1+0)(z® y)) +0(es—ri1 ®(z® dy))
+0(0estir @ (02 ® )
= 0(0csir1 ® (2 ©Y)) +0(eain @ (r© y))
+0(0es—k+1 ® 0z ®y))
= (es ki1 ®(2®Y))
+6(Oes—ii1 @ (92 @ y))
= (es ki1 ®(x®Y))

+0(es—kt1 (? (1+0)(0z®y)).

One can check, using the fact that C' is a p-filtered Dold algebra, that the last part
of the equation is an element of

-1 -1
8Zim—t—i—s—i—r—l,* + Zim—t-‘,—s—l,* (T > 2)3

as required.
(2) This is essentially the same as (1) except that for s > ¢ and z € 2", , we

have e.g., €s_t1m @ (r@x) € F;™(W® (C®C)), and so ¢°x € Z",, ,, as before,
and the rest of the proof follows the same path. O

Proof of 3.8. One can easily check that since 0y : C ® C — C is a map of chain
complexes, it induces

M : Eim,t ® Eiq,u - E

—m—gq,t+u
from the definitions. Also the existence of @7 and @)} follows immediately from
Proposition 3.9. We now confirm the axioms.

(1) This is immediate from Proposition 3.9.

(2) This is also immediate from Proposition 3.9 and the above.

(3)(a) This follows from the definitions and the equation

00y (z @ y) = 0p(0z @ y) + bp(x @ Ay).

(c) Let w € E”, ,, and x € Z", , represent u. Then if x € F~™C and
Ox € F7™"C, since t < s < t+r —1, then ¢°0r = O5_t1ym+1(0r ® Ox) is in
F-m-ths=2r+lc — p~m=NC C F~™~"(C, using the fact that C is a filtered Dold
algebra. By (3.20) and the fact that C'is a p-filtered Dold algebra ¢*z € Z%, .,
and so Q3u survives to EV. Next observe that Q3 d"u is represented by ¢°0x which
lies in Zj_vm_N_’* since dq°0z = ¢*00z = 0. Hence Q5,d"u survives to EV and (3.20)
tells us that dNQ5z = Q5 d"x.
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Cases (b) and (d) are similar.

(4) and (5). Let u € F~™H,C. Then we can represent u by z € F~™C such
that 9z = 0. Thus ¢°x = 0,_4(x ® x), which is in F~2m~*sC, for s <t + m, and
in F~™C for s > t + m, since C' is p-filtered Dold algebra. Thus this result (and
the result for ) follows from the definitions. |

4. BicOMPLEX TENSOR CATEGORIES

In this section, we present a context which gives rise to bicomplexes whose total
complexes are p-filtered Dold algebras. We will assume that all our bicomplexes
B. . are left bicomplexes, that is, B;,. = 0 for s > 0. We denote by BCh the
category of (left) bicomplexes. We also let () and &) be the obvious generalization
to BCh of tensor product and w-tensor product that occurs on Ch.

Definition 4.1. (1) A (left) bicomplex tensor category is a triple (&, ®, B)
where (£,®) is a tensor category, with & abelian, and B : & — BCh a fixed
functor. -

(2) A bicomplex extension of a complex tensor category (€, &), C) is a bicom-
plex tensor category (&, ®, B) where £ is a subcategory of gr&, the category
of graded objects over £, and for s € Z we have

a. For E,E' € £ then, in &,
(EQE")s = Fs(EQE")
where EQFE’ is the object of bigrE, the category of bigraded objects over
&, such that (EQE" )+ = E,®F; and the functor Fs : bigré — & is
additive exact together with a natural monomorphism f, : Fy, — diags,

where diags : bigr€ — £ is given by diag,E = E; 5.
b. There is a naturally monic quasi-isomorphism

Ps * B»,s - Coprs
where prs : gr€ — & is given by prs(A4) = As.

Next we define bicomplexes W" and W by Wly =W = Wy, and W} =0 =
WP, s# 0, with the differentials induced by the one on W. We now make the

S,%)

Definition 4.2. Let (&, ®, B) be a bicomplex tensor category.

(1) A Dold complex is a pair (E,) consisting of an object £ € £ and a map
of bicomplexes

0: W'® B(E®QE) — B(E).

(2) A complex homotopy deviation is an equivariant map

v: W' (X o(B x B)) = Bo(X)

such that, for each s, the induced map

W (@ o(BxB))...— (Bo®). .«

satisfies conditions 1 and 2 of 3.5
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(3) If £ is a bicomplex extension of a complex tensor category (£, &), C), with
homotopy deviation V, then a map of bicomplexes

v: W' e (X o(B x B)) = Bo(X)
is an extension of V if, for each s, the diagram

W (@eo(B.sxB.,) — (Bo@®). s

1®(S&s><§05)l %l

W ® (Qo(Coprs x Copry)) ~, Co®o(prs X prs)

commutes, where ¢ is induced from ¢ and fs, using 2 of 4.1.

Lemma 4.3. Let (&, ®, B) be a bicomplex extension of the complex tensor category
(€,Q),C). Then any extension v of a homotopy deviation V is a complex homotopy
deviation.

Proof. This is just a diagram chase using the definitions. O

Now, given a functor B : £ — BCh define T : £ — Ch by Tp(E) = T[B(E)].
Next, given A, B left bicomplexes there is a natural inclusion

(4.1) i T(A) @ T(B) — T(A® B).

Indeed, for each m,n, i is given by the composite

(42) (H A_j)m+j) ® (H B_k,m+k) - H(A—j,m—i-j & B—k,m—i—k)
J k j.k
- H(A ® B)—Z,m—i—n—i—l-
14

Now let (&, ®, B) be the bicomplex extension of the complex tensor category
(£,&),C) and v an extension of a homotopy deviation V. Define the twisting of
~ to be the natural map

(1) : W@ (R)o(Ts x Tp)) — T'o (W' & (Bo (X))

which for (E, E') € £ x £ is defined by the composite

W ®Ts(E)® Tp(E) 22 W @ W @ T(B(E) ® B(E'))

2 weTWhe B(E)e B(E)) "LV W e Th(EGE)

(4.3) 22 T(W® @ B(E®E')),
where ¢1, ¢o are defined in an obvious way.

Lemma 4.4. For v an extension of a homotopy deviation V, the twisting () is
equivariant.

Proof. This is immediate from the definition and properties of the various maps. [
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For the rest of this section, we fix a (left) bicomplex extension (€, ®, B) of the
complex tensor category (£,),C) and v an extension of a homotopy deviation V.
Let (E,0) be a Dold complex in this bicomplex tensor category. Then define

(4.4) 0(7) : W (To(B) @ Tp(E)) — Tp(E)

as induced by the composite

(W @ (R)o(Tp x Tp)(E, E) "2 (T (W @ (B o X))(E, E)

(4.5) — (W @ (B(E)&B(E)) "2 Ty(E),

s

which is m-equivariant by Lemma 4.4.

Theorem 4.5. (T(E),0(7)) is a p-filtered Dold algebra with respect to the natural
filtration.

Proof. Let B = B(E). Since the filtration is naturally defined, it is sufficient to
show that the twisting induces
T(v): ;" (W @Tp(E)®@ Tp(E)) — F-"T(W' @ B(EQE))

for all m. Let r @y € F 9Tg(E)s ® F7"Tp(E);. Then we may assume z €
B_ieti, 1 >qgandy € B_j;y5, j > 1. Let e € W, which we may assume is e, by
equivariance, for which
Ae, = Z eq Q cep;

a+b=p

thus, since v is an extension of V, we can write
T(Y)(ep @R Y) = Z ea®V(o%er @ T R y).
a+b=p

By definition, V(0%¢, @2 QYy) € B(EQE)_i—j+b s+t+i+j, which is trivial for b > ¢
or b > j by (2) of Definition 3.5, and so is trivial for ¢ + r + 2b > 2i 4+ 2j. Thus,
since i+j—b > g+ —p we have that V(0% @ x®y) is in both F~""9PT(EQFE)
and F~*Tp(E®E), where

t4q

{ = least integer greater than !
Now, if p<m—1,then2p <m-+p—1<r+qandso2r+wqg—2p>r-+gq,
ie, e, @@y e F,™(W ®Tp(E)® Tp(E)); otherwise p > m — 1, for which
epRTrRY E FN_m(W ® Tp(E) ® Tp(E)) by definition, and by the analysis above
we have
T((ep @z @y) € FT"T(W' ® B(EQE)),
since we may assume g + 7 = m + p, and so ¢+ > 2m — 1, so that ¢ > m.

Conclusion follows. O

We now analyze the E2-term of the spectral sequence associated to a Dold com-
plex. Recall that for any left bicomplex B the E?-term has the form

(4.6) E?,. . =H", H(B)

—m,t
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where H? denotes homology with respect to d". If E is a Dold complex and
B = B(E), then for each m, B_,, . is a Dold algebra, and therefore there are chain

homomorphisms

(4.7) s H(B)® HY(B) — H,,(B),
and for each s,

(48) QS : H%(B) - Hm+s(B)a

which is the induced action of operations on B_,, . for each m. Next for each
t, Hy(B) is an unstable Dold algebra by Proposition 3.6. Thus (4.7) induces

(4.9) p: H" HY(B)® H" HY(B)— H", _ H}.  (B),
(4.8) induces

(4.10) Q°: H",,H{(B) — H", H} (B)

and (4.7) and h induce

(4.11) Sq¢*: H" HY(B) — H"  _ HJ(B).

Lemma 4.6. For x € H" HP(B) we have
Sq'Q%x = Q'Sq’x
provided QF satisfies the Cartan formula on products in HY(B).

Proof. Since Q" : HY(B) — Hy,;(B) is a map of chain complexes, then representing
x by u in HY(B) we have that S¢°x is represented by iV (es—m @ u®u) in H3,(B).
By the assumption we compute, using naturality, that

in(es_m DU U) = Z v(65—771 & Qku ® qu)

k+0=1
(4.12) + 3V (esmm ® (1 +0) (QPu® Q7 Fu)) .
2k<i

Therefore, Q*Sq°x is represented by
i (esmm © QFu® QFu) + OV (es_mﬂ (3 Q’“u@@‘“u)) ,
k<i

which also represents S qSQ%x. O

Theorem 4.7. Let E be a Dold complex. Then in the natural spectral sequence
{E",d"} associated to the Dold algebra (Tp(E),0(v)) the induced algebra structure
on E? coincides with the one on HVHY(B), and for each x € Ezm,t we have for
each s,

Qix = Sq¢' %z,

and

Qrx = Q°x.
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Before we prove this we develop some technical devices. Again we let B = B(FE).
First define

F': Bt ®B_g, — WTB(E)QTs(E)
by Fi(z @ y) = ej ®x ®y. Then, for any ¢ + j = p, let
705t Bomt @ B_gu — (W ® B(EQFE) g« )ttt

be the composite

Byt ®B_gu 1o W e Tp(E) ® Tp(E) "2 T(W" @ B(EQE))
_projection (W @ B(EQE)_ym—q+ti ) t+utj-
We then define
95j D Bomt @ Bogu = Bom—gitut;

as 0(y)r; ;. Then 0P : Tp(E) ® Tp(E) — Tp(E) satisfies

0" = Z 07 ;-
i+j=p
Lemma 4.8. Let u € Ezm,t be represented by v € B_,,+, so that 0"z = 0 and
oM = 0w, for some w € B_pi—1t+1. Then, lettingn =t —m, if
() t—m < s < t, Qou € E2 . o is represented by 65", (v @ x) in
B—m—t+s72t-
(2) Ift<s, QsueE?, ., is represented by 031 o(x @ x) in B_p iys-

s—mn,0

Proof. (1) By (2.12) u =z +y where y € F~""1Tg(E) and Qju is represented by
q°(x + y), which lies in Z B_; j, which when written out has the form

i>m

0 Mr@x)+ 0 (1 +o0)r®@y)+ 0" (zx dy)
+95—n+1(y ® 813) + 95—n+1($ ® 8$) + 05—n+1(y ® 8y)

Ty @y).

Now z @ y € F~2m=1+i C f—m=t+s=1Tp(E), since j < s — n and T(E)

is p-filtered. By a similar argument we have that 67" (y ® y),Gf’;”‘H(x ® Jy),

0?;"“ (y@0), Gf’;”‘H (y®9y), and Gf’;”‘H (x®0x) all lie in F‘m_H‘SHTB(E). Fi-
nally, 1@z € F~2™(Tp(E)®Tg(E)) so 0; ;" (x®@x) € F~2mH C prm-ttstiTy(E)

s—n

only for j < s—n, and so only 65",

Case (2) is similar.

(x®x) remains to represent Q5w in E%m_H_S o+

Proof of Theorem 4.7. One can casily check that for v € E?, , = H" Hy(B)
represented by x € B_,, ¢, Ox = 0, then

O r(x@x)=60""(x®x),

s—n,0

where the right-hand side is the Dold algebra structure for B_,, .. Letting [z] €
H}(B) be the associated element, then one can check that
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05" n([z] @ [2]) = iV (es—n @ [2] @ [2]).

The result follows from Lemma 4.8. O

5. APPLICATIONS

Recall that a cosimplicial object over a category £ is a sequence of objects
C° C1, ..., together with maps:
& ot om,
and
s cnvtt 5 om,
for 0 < j < n such that
dd = ddt, 1< 7,
disi=l, i<y,
sidb = id, =7, j+1,
di=tsi,  i>j+1,

sigh = gi-lgi i>j.
Suppose C = M, the category of (possibly graded) Fo-modules. Define &) on M
by
(M®L)* = M* ® L*®
with diagonal cofaces and codegeneracies. We also define the functor
C: ¢cM— Ch

by setting C(M), = M~ and 9 : C(M)n1 — C(M), by = > _d’. We then
§=0
define the cohomotopy groups of M by
"M = H_,C(M)
for n > 0.

Definition 5.1. A cosimplicial Eilenberg-Zilber map {D"} is a sequence of
natural maps

D Q) o(CxC)—Co ),

each of degree k such that

(1) D* =0, k<O0; B

(2) D% =id: (®O(C X O))O — (Oo®)0;

(3) k>0, OD* + D¥9 = Dk 4 o D* 10,
In addition, we call { D*} special if for each pair M, L in cM,

(4) DF: C_;(M)®@C_;(L) — C—j—isx (M) x C_j_i11(L) is trivial if either k > i

or k> j;

(5) D" : C_,(M)® C_p(L) — C_p,(M) x C_, (L) is the identity.
Proposition 5.2. There exists a cosimplicial Eilenberg-Zilber map
{DF}. In addition, we can choose {D*} to be special.
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Proof. For simplicial vector spaces, Dold, in [6], established the dual result. To
obtain the cosimplicial result, the Eilenberg-Mac Lane map exists, by dualizing,
for finite-type cosimplicial vector spaces. The general case can be obtained by a
colimit argument (see the proof of Lemma 3.2 in [7]) . O

We note that for x € C_4(M) and y € C_4(L) with s +¢ > 0, then
Doy =d*t - dHeod - d
in C(M®L)_s_; (see [3]). Also, by naturality, if we define
N_.M=M*nNkers®N---Nkers* !
as the normalized chain complex, then {D*} defines
DF: N.yM®@N_4L — N_y_4 1, (ML)

for each k. We now define a cosimplicial deviation to be a homotopy deviation
V:We(@oC xC)) — Co@ for the complex tensor category (eM, &), C).
Given a cosimplicial Eilenberg-Zilber map {D*} and M, N in cM define

(5.1) Vieg®@r®y) =Dz ®y),
and
(5.2) V(ioeq@x®@y)=o0Di(y® x).
Then one can check from the definitions that
(e, @r@y) = DTN zoy)+oD (y@r)+ DI(z®y)

= V(-1 ®r®y)+ V(deg1 @ QYy)
+V(eq ® 0(z ®y))

= V((l+0)eg-1®0z@y)+ V(eg ® 0z ®y))

= V(0eg®z®y)+ V(eg®o(z®y))

= Vi(eg®@z®Y).
Thus V is a map of chain complexes and therefore a cosimplicial deviation provided

{DF} is special. Conversely, given a cosimplicial deviation v (5.1) and (5.2) defines
a special cosimplicial Eilenberg-Zilber map. We sum this up in

Proposition 5.3. (5.1) and (5.2) determines a one-to-one correspondence
cosimplicial special cosimplicial
{ dem’aZZions }<—> Eilenberg-Zilber
maps

Next, let X be a bicosimplicial object over M, i.e., for each s, X~* and X*" are
cosimplicial objects over M and the vertical operators commute with the horizontal
operators. Let {DF} be a cosimplicial Eilenberg-Zilber map in the horizontal di-
rection and {D¥} a cosimplicial Eilenberg-Zilber map in the vertical direction. Let
bicM be the category of bicosimplicial modules and let ® and B be the obvious
generalizations of ) and C' to this category.

Lemma 5.4. (bicM, ®7 B) is a bicomplex extension of (cM,®),C).
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Proposition 5.5. Suppose X is a bicosimplicial commutative Fa-algebra. Then

{DE} makes X a Dold complez in (bicM,®,B). Furthermore, the obvious exten-
sion of the homotopy deviation associated to {D¥} makes Tp(X) a p-filtered Dold
algebra and, at the E?-term, the operation

Q°: H" Hy(B(X))— H" H} (B(X))
is unstable and satisfies the Adem and Cartan relations, as also does

Proof. This follows immediately from Proposition 3.6 and Theorem 4.5, Theorem
4.7, and the results of [6]. O

Corollary 5.6 (see [12] and [14]). Suppose Z is a bisimplicial cocommutative Fo-
coalgebra and N an Fy-module. Then the third quadrant spectral sequence {E",d"}
converging to H*(diag Z; N) possesses, for each r, a differential graded algebra
structure and an action of Steenrod operations

Sqisz : Eim,—t - Eim+t—s,—2t7
and
Sqt: ET

—m,—t

— E"

—m,—t—s)

satisfying all the usual relations and compatible at E*° with the induced filtration
on H*(diag Z; N).

Proof. Apply Proposition 5.5 to Hom(Z, N). O

This has various topological applications gotten by starting with a bisimplicial
set Y and letting Z be the free bisimplicial module on Y. The diagonal Y — ¥ xY
induces a cocommutative coalgebra structure on Z. In this context, Corollary 5.6
applies to the Serre spectral sequence and the bar spectral sequence. For details on
this and other applications, see [12] and [14].

Next, let A be a simplicial object over M. Let N A be the Moore complex of A,
ie.,

N;A=A;Nkerd; N---Nkerds,

and 0 = dy. For example, the chain complex W is a chain homotopy equivalent to
N[FyEn] where FyE7 is the free simplicial module on E7 (see [8]).

Consider now the category J of infinite loop spaces (where space = simplicial
set). By [9], the infinite loop structure on an object X in J is determined by, among
other things, a map 0 : Em x (X x X) — X. By the Eilenberg-Zilber theorem (see

[17]), there is a natural chain homotopy equivalence
W @ N(F2X) ® N(F2X) — N(Fy(Er x X x X)),
which induces
W (N(F2X) ® N(F2X)) — N(F2(Ex X (X % X))).
Now, define an E2 -algebra in sM to be a pair (M, ) consisting of a simplicial
module M and a map of simplicial modules
0 :Fy(Em)Q(MSM) — M

s

It is clear that for X € J then Fy[X] is an EZ2 -algebra.
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Lemma 5.7. For each M an E? -algebra, N(M) is a Dold algebra. As a conse-
quence, for X in J, N(F2X) is a Dold algebra.

Now consider (csM,@,B), where ® is the obvious generalization of tensor
product from ¢M and sM, and

B :csM — BCh
is defined by B(M) = C[N(M)], where C' : cCh — BCh is the prolongation of C.

Lemma 5.8. (csM, ®, B) is a bicomplex extension of (cM,®),C). Furthermore,
any cosimplicial deviation induces an extension through the simplicial Filenberg-
Zilber map.

Corollary 5.9. Given a cosimplicial object Z over J thenFo(Z) is a Dold complex
in csM and Tg(FoZ) is a p-filtered Dold algebra.

Proof. This follows immediately from 5.8 and 4.5. O
We now have enough to prove

Theorem 5.10. Let X be a cosimplicial infinite loop space and

{E",d"} the second quadrant spectral sequence associated to the total complex of
B(F2X). Then H.(X ;Fq) is a cosimplicial graded commutative Fa-algebra with
a compatible action of Dyer-Lashof operations (see [5]), and so m*H. (X ;F2) is a
bigraded commutative algebra possessing an action of the Dyer-Lashof operation

QF : T H(X ;o) — ™ Hoy (X Fa),

satisfying Adem, Cartan, instability, etc., for all s, and the relations of Lemma

4.6. Under the identification E?,, , = n™Hy(X ;Fy), this product and action of
operations is well behaved, in the sense of Definition 3.7, with the spectral sequence
{E",d"}.

Proof. The action of Dyer-Lashof operations follows from [5] and naturality. By
Proposition 3.6 and Proposition 5.3 the action of Steenrod operations occurs and
is independent of choice of cosimplicial Eilenberg-Zilber map as shown in [6]. The
relationship to the spectral sequence follows from Corollary 5.9, Theorem 4.5, and
Theorem 4.7. O

Next, recall that given a cosimplicial space X there is an associated total space
(see [4]) Tot(X ") which for ¢ > 0,
Tot(X ")y = Hom(A" x Alg], X'),

where A’ is the standard cosimplicial space with A™ = A[m]. From [2] there is a
filtration {F~*H, (Tot(X);F2)}, together with natural maps

&: F7°H, (Tot(X');IFQ) — F°H,Tp(F:X").
Proposition 5.11. If X is a cosimplicial infinite loop space, then Tot(X") is an
infinite loop space, and for x € F~™H, (Tot(X');IFQ) if
(1)t < s < t+m, then Q%z € F72 " H, (Tot(X);F2) and £(Qx) =

Qj(Ex).
(2) t+m <s, then Q*z € F~™Hyy4(Tot(X");Fa) and £(Q°z) = Q5(Ex).
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Proof (sketch). The following proof is due to J. McClure in [10]. Let
Dy:58 —sS
be the functor DX = Emx (X xX). By [5] it is enough to compute H, (D3 Tot(X "))

= H.(Tot(D2X")) from the spectral sequence. From section 5 of [3] there is a cosim-
plicial space A 1 for each t > s > 0 which is universal for elements of the E°°-term
of the homotopy spectral sequence associated to a cosimplicial space. From their
results we have

Fo, l=s,m=t,

5.3 B2 (Agsn) =
(5.3) Zim(A) {07 otherwise.

and from [2] this spectral sequence converges to show that Tot(A () = S*~* up
to 2-completion. Thus H, (Tot(D2A,)) = F for n > 2(t — s) (see [5]). From the
universality of A ) we are reduced to showing that

o, 2s > 1> s,m=2t,

(54) Ezl,m(DQA(s,t)) = FZa l= s,m > 2t7
0, otherwise.
but this is a straightforward computation utilizing the definition of A ). O

As an application, let

M — FE
[
x L. B

be a fibre square of infinite loop spaces and maps. Then the geometric cobar
construction B is a cosimplicial infinite loop space such that

B°=XxBx---xBxFE

with s copies of B in this product. The resulting homology spectral sequence is the
Eilenberg-Moore spectral sequence (see e.g. [2])

E?,. = Cotor}} p(H.X,H.,E)y => Hy_p, M
As a consequence of 5.10 we have operations
Q" : Cotory}_p(H. X, H.E); — Cotor}j z(H.X,H.E)4;
and
Sq' : Cotorf}, p(H. X, H.E); — Cotorfy T (H. X, H E)2

which is well behaved in the spectral sequence and is compatable with the action
of Dyer-Lashof operations on H,M, as described by 5.11.

Note: In [1], the vertical Dyer-Lashof operations were shown to exist in the
Eilenberg-Moore spectral sequence for a fibre square of infinite loop spaces. Further,
the work of Rector, in [11], and Smith, in [13], shows that the horizontal Steenrod
operations exist in the above way. Here we have given them a unified meaning.
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