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Abstract

In this paper, we analyze the structure possessed by the homotopy groups of a simplicial
abelian Hopf algebra over the field F,. Specifically, we review the higher-order structure that the
homotopy groups of a simplicial commutative algebra and simplicial cocommutative coalgebra
possess. We then demonstrate how these structures interact under the added conditions present
in a Hopf algebra. (©) 1999 Elsevier Science B.V. All rights reserved.

1991 Math. Subj. Class.: 16W30; 18G30; 55505

0. Introduction

The goal of this paper is to determine all the natural relations among primary op-
erations that occur in the homotopy of a simplicial abelian Hopf algebra over [F,, the
field of two elements. Here abelian Hopt algebra means a unitary commutative algebra
in the category of counitary cocommutative coalgebras.

The motivation for this problem comes studying the second quadrant cohomology
spectral scquence, over a finite field, associated to a cosimplicial space (see [3]). The
E>-term of such a spectral sequence is the homotopy groups for the simplicial (unsta-
ble) algebra obtained from applying cohomology to this cosimplicial space. Given a
simplicial commutative [F,-algebra 4 its homotopy groups possess operations

O 1 Mp A, — TpiA,

as constructed in [4, 2, 9]. As such they are called Cartan—Bousfield—-Dwyer operations.
In [10] it is shown that if A arises from cohomology, as above, then, in the associated

0022-4049/99/% — see front matter (€) 1999 Elsevier Science B.V. All rights reserved.
Pil: $0022-4049(98)00090-5
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spectral sequence, these operations guarantee that Steenrod operations, which would
violate instability at E,, do not survive.

Now if one started off with a cosimplicial iterated loop space, the associated co-
homology is also a simplicial cocommutative coalgebra. The homotopy of such an
object B has a right action of Steenrod operations

Sq':m,B. — m,_B.

which can be extracted from [7]. If B arises from cohomology, as above, then these
Steenrod operations determine Dyer—Lashof operations in the abuttment. This is shown
in [19, 20] examines a specific example.

Now the cohomology of a cosimplicial iterated loop space is more than just a sim-
plicial algebra and a simplicial coalgebra, it is a simplicial Hopf algebra. Given such an
object H the added Hopf condition guarantees certain “Nishida relations” amongst the
above operations, in the homotopy. The determination of these relations is the objective
of this paper.

We organize this paper as follows. In Section 1, we review the primary structure
possessed by the homotopy of simplicial commutative algerbras and simplicial cocom-
mutative coalgebras. This is codified through the notions of D-alyebra and A-coalgebra
respectively. We then define Hopf D-algebra and state the main theorem that says this
correctly describes the relations that occur in the homotopy of a simplicial abelian
Hopf algebra. In Section 2, we describe a natural map between composite functors
of vector spaces. This natural map is useful in describing a modified Hopf condition
for abelian Hopf algebras. We also describe a simple relation that occurs in a Hopf
I'-algebra. In Section 3, we review the homotopy of the symmetric (co)-invariants on
a simplicial vector space. We use this, in Section 4, to reduce the proof of the main
theorem to showing certain relations occur in the homotopy of the symmetric invari-
ants on any simplicial commutative algebra. This is reduced further to computing the
effect, in homotopy, of the natural map of Section 2, prolonged to simplicial vector
spaces. In Section 5, we show that such a calculation is determined by the effect, in
homotopy, of a natural idempotent on the Dg-invariants acting on the fourfold tensor
product of a simplicial vector space {(here Dy is the dihedral group of order 8, viewed
as a subgroup of the symmetric group on four letters). In Section 6, we review some
needed tools from group cohomology plus a useful theorem from [9] which allows us
to prove our final reduction to a group cohomological calculation. This calculation is
performed in Section 7.

1. Simplicial algebras, coalgebras, Hopf algebras, and their homotopy

In this section, we review the structure of the homotopy groups for simplicial com-
mutative algebras and simplicial cocommutative coalgebras. This is expressed through
the notions of D-algebras and A-coalgebras, respectively. As an immediate consequence
the homotopy groups of a simplicial bicommutative Hopf algebra possesses both of
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these structures which the Hopf condition tells us must interact in a meaningful way.
We codify through the notion of a Hopf D-algebra. The main theorem of this paper is
that this notion accurately describes this expanded structure.

We denote the category of commutative algebras (respectively commutative graded
algebras) by .o (respectively 7, ).

Given a graded algebra A, let [(A)C As >0 denote the ideal of elements x in A
such that |x|>s.

Definition 1.1. A I'-algebra is a commutative graded algebra A together with a map
v @l — A

such that
1. I, is exterior under the product of A,
2. forx,yel

720 7)=72() + 2(¥) +x -,
3. for x, y€ A such that x- ye I

0, x,y €1,
nEP) =4 (x-x) (@), x[=0,
72X®) - (y-») |¥[=0.

We now make the following, as given in [12].

Definition 1.2. A D-algebra A is a I'-algebra together with maps
Oi i Ay — Apgi

for all 2 <i<n such that
1. §; is a homomorphism, for i <n, and J, =y,
2. for x, y € A such that x - y € A, then

(x-x)-0iy), |x[=0,
Oix - y)y=q di(x)-(y-y) [|¥[=0,
0 otherwise,
3. for x€ A, and j<2i then

5‘,'51% = Z ( a Jl t i -1 > 5_/'+i—s5sx-

<s<

A map of D-algebras is a map in </, that commutes with the ;. We denote the
category of D-algebras by ./ 2.

We denote the category of simplicial commutative algebras by s.o/.
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The following was proved in [9, 13].

Theorem 1.3. Let A be a simplicial commutative algebra. Then . A is naturally a
D-algebra, i.e. we have a functor

Ty .S — AD.

Remark. The operations d; in (1.2) were first discovered in [4]. Their properties were
subsequently derived in [2, 9]. In the latter, they were called higher divided squares.
We will also refer to them as Cartan—Bousfield—-Dwyer operations.

Next, denote the category of cocommutative coalgebras (resp. cocommutative graded
coalgebras) by €.of (resp. 6.<4,).
Given a cocommutative graded coalgebra IT we define the coalgebra map

$:lI— oIl (1.4)

called the Verschiebung, as the linear dual of the squaring map (we will give a more
meaningful definition in the next section).

Definition 1.5. An A-coalgebra is a cocommutative graded coalgebra [T together with
homomorphisms

Sqi I, — 1,

for i >0 such that for x € I1,, we have
1. xS¢' =0 for 2i>n and xSq"? = &(x),
2. if Ax=2x" @x" then
AxSg) =D Y ('Sq* )@ (x"Sq"),
S+t=i

3. for j<2i we have

o i—s—1 L
xSq’Sq’ = Z ( ) xSq' ' Sq”.

AN AR

We define a map of A-coalgebras to be a map in 4o/, which commutes with the
Sqg'. Denote by #™* the category of A-coalgebras.

Note. A clearly denotes the Steenrod algebra.
We denote the category of simplicial cocommutative coalgebras by s€.«/. A conse-
quence of [7] (see also [12]) is the following

Theorem 1.6. Let I1 be a simplicial cocommutative coalgebra. Then m Il is naturally
an A-coalgebra. That is, we have a functor

. SEA — A,
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Recall, now, that a (graded) Hopf algebra (in the sense of [17]) is a (graded)
module H which is both a (graded) algebra and a (graded) coalgebra for which the

two diagrams
AQ 4

H®H HOHRH®H
1®T® 1

m HOIHQH®H (L.7)
m®®m

H y H®H
and
]
F, H
z (1.8)

F>

commute. A map of Hopf algebras is simply a map of algebras and a map of coalgebras.
We further define a Hopf algebra to be abelian if it is commutative as an algebra and
cocommutative as a coalgebra.

We denote by #.f (resp. #</,) the category of abelian Hopf algebras (resp.
abelian graded Hopf algebras).

Definition 1.9. A Hopf I'-algebra is a pair (H,y;) consisting of an abelian graded
Hopf algebra H together with a map

y2:®hL—H
satisfying 1-3 of Definition 1.1 along with the additional condition 4 for x€ f;
Ap2X = 7y(4Ax).

A map of Hopf I'-algebras is just a map in #, which is also a map of I'-algebras.

Definition 1.10. A Hopf D-algebra is a Hopf I'-algebra H together with maps
0; 1 Hy — Hyy;

for all 2 <i <, satisfying conditions 1-3 of Definition 1.2, and with maps
Sq' :Hy,— H,_;

for all i > 0, satisfying conditions 1-3 of Definition 1.5, such that the following relations
are satisfied for a fixed x € H,:
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1. for each 2<i<n
Aé,-x:&Ax
and for any ye H, j>0

(x-¥)Sg/ = ) (xS¢°) - (¥5¢"),

s+t=j

2. for each 2<j<nand i>0
S G—j j=2i+2s = 1)0,_ips(xSq"),  i>),

(6,)5q' = 3 Ex+ Y 0:(x8¢") i=J,

28>

D025, =2+ 25 = 1) i1,(xSg%), i<,

\

0, i>n,

i‘yzxa = n,
(0x6)Sq" = ¢ D (xSq*)xSg" )

2s<i

+ Z (=28, n—2i 425 — 1)0,_;s(xSq*), i<n.
\ s
A map of Hopf D-algebras is simply a map of D-algebras and a map of 4-coalgebras.
We denote the category of Hopf D-aigebras by s# 2.
We denote by ss# .o/ the category of simplicial abelian Hopf algebras.
We now come to the main theorem of this work, whose proof is postponed to
Section 4.

Theorem 1.11. Let H be a simplicial abelian Hopf algebra. Then =.H is naturally
a Hopf D-algebra. That is we have a functor

S H A — HD.

We close this section by noting some consequences of this theorem and of the notion
a Hopf D-algebra in general. These will be proved in [14].

Since objects of .&/% are augmented commutative [,-algebras, the indecomposables
functor defines a functor

0:AD—UD

where the target is the category of unstable D-modules. Let % be the algebra of
Cartan-Bousfield-Dwyer operations. Then %% is the category of unstable %-modules
and we have a functor

Fr Rap(—) : UD — mlF;.
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Let
Op: 4D — mk,

be the composite of these two functors. By restriction we have a functor
Op: #D—&F

where & is the category of right .o/¢-modules, 7 = F2[Sq°, Sq'1/[(Sg' )*]. This follows
from 2 of Definition 1.10. Let # <%, be the subcategory of connected objects in #' &
(i.e. isomorphic to F, in degree 0) and ¥, be the subcategory of connected objects
in & (i.e. 0 in degree 0).

Theorem 1.12. The functor Qp: # 2D — & possesses a right adjoint
AN - HG
such that the restricted adjoint pair
Op K2, & Pi:A
is an equivalence of categories.
An interesting input to the proof of this theorem is
Proposition 1.13. If He # %, then H is a free D-algebra.
To make this useful for simplicial abelian Hopf algebras we prove
Theorem 1.14. For H ny-connected in sH# .o/ we have
Op(m.H)=HI(H)

where the right-hand side is the André-Quillen homology of H as a simplicial algebra
(see [12]).

As an application, let 4 be a connected simplicial abelian group. Then F,[A4] is a
connected object of s # o/ so from these results

H.(4; F2) 2, P[] = A(HE(F2[A4]))
and we have a short exact sequence
0— Z/2 @ mgA — HZ(F2[A]) — Tor(Z/2,m,_14) — 0.

This recovers H. Cartan’s main computation in [4].
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2. Group actions and consequences of commutativity

Let V be an F,-module and define

Ve v ... x V.

m=times

Then X, the symmetric group on m letters, acts on ¥®™ by permutation. Thus, for any
subgroup G < X, ¥®" is a G-module. With this we define the G-symmetric invariant
functor

S mFy — mF, (2.1)
by

SEy=(rem°
and the G-symmetric coinvariant functor

S :ml; — ml; (2.2)
by

Se(V)=(®")g.

If G=2X, then we denote (2.1) by S” and (2.2) by S,,.
Now, let N € F,[G] be defined by

N=Y g4 (2.3)

geC

Then the action of N on ¥®™ defines a map which factors

_.N—, y &m

yom
\ / (2.4)
SV

but since, for any x € V™ 1(gx)=1(x) for any g € G then we have a further factor-
ization,

L E— )
(2.5)
p N
sy

defining the norm map N.
Because of its importance later, we analyze the norm map N in the case G =2).
First, we define the diagonal map

d: oV -V
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by dx =x ®x. This is not a homomorphism, nonetheless we have a commuting diagram

sV
Y i
oV —4 yo (2.6)
) P
S,V

¢ is not a homomorphism, but 1 is one. From this we define the exterior square functor
E; by E>V =cokeri. We now have the following commutative diagram:

VvV
01 \
0 oV —— 8,V N Sv —ZE—cokerN—— 0 (2.7)
x /
E,V

from which we have that £,V =im N = ker n. Note that 7o is a linear isomorphism.
As an application of (2.7) we have

Proposition 2.8. For any w € S*V there exists a € E;V and x €V, uniquely deter-
mined by w, such that

w=wa)+ a(x).

Proof. Let o:coker N — S?V be the composite o-(ng)~" so that 76 =1. Then the
self-map

1 +on:8V — SV

satisfies n(1 + 6n)=0. Thus since v is injective, there exists & € E; ¥ such that
V()= + on(w).

Finally, let x € V' be the element which satisfies
¥=(n0)"(nw).

The conclusion follows. O

Now, given a commutative algebra A the product map

miAR A — A, (2.9)
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factors as

m
AA—— A

(2.10)
P u
S$A1
Similarly, given a cocommutative coalgebra IT the coproduct map
A:0—-IOoI, (2.11)
factors as

n 4 nen

N’

S
From this we now proceed to prove

Proposition 2.13. For an abelian Hopf algebra H, there is a natural map of modules

¢: 8,82V — 8§28,V
such that the following diagram commutes:

S,H ) g2y 2, s25, 10

i §7(w)

v

H ——— S°H

To prove this we need the following lemmas.

Lemma 2.14. Let V be a (graded) module. Then there exist maps ¢', ¢" of modules
such that the following diagram commutes:

SV @82V VRrVerveV — . S(VaVv)

¢/ 18T®1 (b//

SV RV) ————— VOV OV BV — ——— SVRSY
i P@p

Proof. Define 7: V% — V® by T(a®b®c®d)=c®d®@a®b. Then on V&4, we
have the identity

AT INT@T)=T(1RTR1).
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From this, the two composites

1RT®1
_

SV ® Sy &, ped y e

and

IRTRI P
pea BT pos 1 oy es v

factors to give us the maps ¢’ and ¢”, respectively. O

Lemma 2.15. For a module V there exists a map ¢ of modules such that the fol-
lowing cube commutes

o
SV @ SV = Y
P P
18T®1
2
& 5,8 r S(V®V)
)
SV ® V)— -y ¢
pRp
S .
s’s,v » S,V® 8§,V

Proof. The identity (17 R INTQT)= 7’(1 ® T ® 1) from the proof of Lemma (1.7),
tells us that the composite

S2(p)
SV @8tV S2(V®V)——\>S2S2V

factors to give us the desired map ¢. The commutativity of the cube now follows from
Lemma 2.14, the surjectivity of p, and the injectivity of i, O

Proof of Propesition 2.13. The dagram {1.7) can be expanded to give

H®H H®H®H®H
SSH® S"H H®H®H®H
s
$,H ——— 5,5°H e
m 14,
§*S,H —— S,H® S;H m®m
g | s
2 B@u
S’H ,
// \
H H®

H
4
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which commutes by (2.10), (2.12), Lemma 2.15, the surjectivity of p, and the injec-
tivity of i. [

We now pause to give a useful reinterpretation of Proposition 2.13.
Let A be a commutative algebra. Then S/ is a commutative algebra with product

2
58242, 825,471 524 (2.16)
and unit
2
Fp = S%(F,) 2% 524, (2.17)

Corollary 2.18. For an abelian Hopf algebra H, the coproduct
y:H—S*H

is a map of commutative algebras.

Also, if A is a I'-algebra then A® A is a I'-algebra. Moreover, from its definition
we have

vT = Tps. (2.19)

Thus S?A4 is also a I'-algebra.

Now, as an application of Proposition 2.8 we give another interpretation of the
Verschiebung for a cocommutative coalgebra 1. Fix x € 1. Then yx € S?II. By
Proposition 2.8 there exists unique o € E»IT and ff € II such that

yx =w(a) + o(B).

From this we can set &(x)=f.
We can use this to record a basic relation on a Hopf I'-algebra H. Our objective is
to give a description of the composite

oL H- ¢H.
To do so we define a map

hil,—H (2.20)
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which fits in the following expansion of (2.7)

&H —— S,H §’H —=— coker N —— 0
\ v la
B ELH=—=EH \Y
/
H - I « H

Here o is the natural map determined by Proposition 2.8 and the dotted arrow exists
in positive degrees by 1 of Definition 1.9.
We can give an explicit description of the map /4 as follows: for x € H write

Yx=2(x@x" +x" XY+ Zy®y
then

h(x)=2x'x". (2.21)

Proposition 2.22. For a Hopf I'-algebra H the diagram

vy

&L— L H

SH

commutes.

To prove this, we note that since i:S*H — H®H is a map of I'-algebras then
Y :H — S?H is a map of I'-algebras, by Corollary 2.18 and Definition 1.9. In light of
this and Proposition 2.8 we are reduced to proving

Lemma 2.23. Let A be a I'-algebra and € S*A. Write w=v(a) + o(f) as in
Proposition 2.8. Then

n(y20) = no(ua))
where %€ S» A satisfies {(&0) =

Proof. Since y, is quadratic, we have

720 =729(a) + 726(B) + v() - 5(f).
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Using the I'-algebra map i:S’4— A® A we can compute n(v(a)-a(f))=0. Also,
since w €, y2a(f)=0. We are thus left with computing y>v(a). Choose z€ A Q A
such that it maps to o under A® A — E>A and let @ be its image in S;A. Then in
A4

wo)=(1+T)z
so that a computation using (2.19) gives us
iyav(a)=p2iv(a) =(1 + T)yoz +z- 1z
=iv(y) + io(u@))

for some y € ExA (in fact y is the image of y,z). O

We end this section by taking a closer look at the map ¢. Let V' be a module. Then
we have
Generators of $,S*V:

[x’ y] ) [Z’ W]a
o(x)-[¥.z],
a(x)-a(y)

for any x, y,z,we V.
Generators of §S,V:

[x-y, Z’W]’
o(x-y)

for any x, y,z,we V.
Here ¢ is the map of (2.6).
The effect of

G158’V — S8,V
is given by
5,21 [z w] = [x-2, y- W] + [x - w, p-2),
o(x)-[y,z] = [x- y,x-2],
o(x)-o(y)—o(x-y).
We can use this to compute the kernel and cokernel of ¢. First, we have a map
0: Ve 85,87V
given by
a®b@c®d—[a,b] [c,d] + la,c]-[b,d] + [a,d]:[b,c].
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It is easy to see that

¢$o=0.

Further, we have a factorization
¢
V®4 - Sz SZ vV

A

Here E4V is the fourth exterior power of V i.e. the cokernel of the composite

EsV

(@V)o Vel st g, v
where d is from (2.6).
Claim. The induced map

0:EsV — ker ¢

is a linear isomorphism.

Proof. By naturality of ¥ and simplicity of the functor E4, ¥ is injective, since it is
nontrivial. To see surjectivity, we note that ¢ is onto when dim V' <4. Thus, since £,
is a polynomial functor of degree <4 the result follows. [

Now, an easy calculation shows

(S,V )y =8>

and
(S2V Yy =8,V".

From this and Lemma 2.15 we have
" =0.

Further (E4V )" =E4V* so that the claim gives us an exact sequence
0— BV — $82V 25 $25,V — EyV —0

which is natural as functors of modules. This defines a map
F;, — Ext% (Es, Es),

where # is the category of endofunctors on the category of modules. L. Schwartz has
shown (private communication) that this map is an injection.
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3. Some explicit computations of homotopy groups

The goal of this section is review the explicit description one can give 7,5,V and
7,82V in terms of n,V. From this one can determine all the primary operations for
the homotopy of simplicial (co)commutative (co)algebras.

We begin by summarizing the Eilenberg—Zilber theorem as given in [15, 9].

Theorem 3.1. Let V and W be two simplicial Fy-modules. Then there exists a unique
natural chain map

D:N(VYSNW)— NV W)

which is the identity in dimension 0.
Moreover, there exists a natural chain map

E-NVRW)y—=NV)SNW)
such that

ED=1, DE~1.

In [9] it was noticed that since D is necessarily the shuffle map (see [15]) then
D possesses a symmetry. This symmetry was exploited by Dwyer to construct higher
order versions of D which we now describe.

Definition 3.2. For each £ >0, let
G :N(VYQNW)Y->NV SIW)
be the chain map such that for xe N(V') and y e N(W)

. x®y, |x{:k=|J’|’
Pr(x®y)= { 0 otherwise.

¢y, is called an admissible map.

Let T denote the switching map for either
NV)YQN(W)—-NW)YQN(V)
or

NV QW)= NWRV).

Theorem 3.3. Let V and W be simplicial Fy-modules. For each k >0 there exists a
natural chain map

DY INWVYS N — NV & W )i
defined for m > 2k and satisfying



J.M. Turner ! Journal of Pure and Applied Algebra 134 (1999) 163-206 179

1. D' + TDOT + ¢pg =D,
2. D¥' 4+ TD**'T + ¢y = OD* + DF0.

Remark. Dwyer showed in [9] that each D* is unique in a certain sense.

In light of (2.10), a computation of the homotopy of SV, for a simplicial module
V, in terms of m,.V would give a complete picture of the primary operator algebra
for the homotopy of a simplicial commutative algebra. Such a description is known to
exist by [8]. We now proceed to make this description explicit.

Fix a simplicial module V. For each 0 <i<n define

O, NV — Ny iSoV (3.4)
by
Oa)=pD" (a®a)+ pD" "N a® da) (3.5)

where the D* are from Theorem 3.3.
A computation gives us that

ﬁ@i = @,6

Thus, for 2 <i<n, O, induces a natural map

OV — i SHV. (3.6)
Also, the chain map

pD NV QNV — Ng SV
induces a homomorphism

m:nVQmV — n.,SV. 3.7)

Combining the results of [4, 2, 9] we are led to

Proposition 3.8. Let V be a fixed simplicial module. Define W to be the graded
module with basis

di(x) forxem,V and 2<i<n,
x-y forxenV and yenV.

Define a submodule B in W with basis

0, 2<i<n for x,yemn,V

5i(x+y)+5,-(x)+5,~(y)+{x_y = n

X-y+yx for xenV and yemnV,
x(y+z)+x-y+x-z forxenV and y,zcmV,
X-x for xemn,V and n>0.
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Then the map W — n,.S;V given by

Xy —mx®y),

8ix — Oix
is natural and induces a linear isomorphism
W/B~n.S,V.
Next, consider the composite
NV ZoN, SV I N, S2Y (3.9)
of chain maps. Here N is the norm map (2.7). This induces a natural map
01V — Ty iS2V (3.10)
for each 0 <i<n. Also, the composite
NV @NY 2N, (V@ V) 25 NouSaV 25 Ny S2V (3.11)
induces the homomorphism
1V @MV — gy SV (3.12)
The following is given in [12].
Proposition 3.13. Let V be a simplicial module. Let T be the graded vector space
with basis
oi(x) for xemn,V and 0<i<n,
[x,y] for xem,V and ycmn,V, n,m>0.
Let R be the submodule of T with basis

[x, y]+ [v.x] for xem,V, y€mnnV, nm>0,
[x,y +z]1+ [x., y] + [x,z] for xen,V, yz€m,V, nm2>0,

0, 0<i<n,

oi(x + )+ 0ilx) + aily) + { [x,y], i=n forx,yem,V,

[x,x] forxem,V, n>0.

Then the map T — 7,5V defined by
oi(x) — 0i(x),
[x,y}—=t(x®y)
induces a natural linear isomorphism

T/R~m,S?V.
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Moreover, if we let
e SV -V enV

be induced by the composition of chain maps
NSV LNV @ V) L5 NV @ NV

(see Theorem 3.1) then for xen,V yemn,V nm>0
e([x, yD=x0y+y®x

and forxen,V 0<i<n

0, 0<i<n,
x®x, i=n.

e(oi(x))= {
We take a moment to note a corollary given in [12].

Corollary 3.14. The effect of the homomorphism
No SV — 82V

is given by
x-y—[xy]

for xen,V, yen,V, n,m>0, and
di(x) — 0i(x)

for xemn,V, 2<i<n. Moreover, under the homomorphism (2.6)
L i@V — S5V

we have
im 1, =kerN..

Finally, given I1 in s€.«/, then for x € m,I1 Proposition 3.13 tells us that

Yhx = XX, x"] + Zoi(xSq") (3.15)

which defines the action of the Steenrod operations. From this and Corollary 3.14 we
conclude 1 of (1.5). Also, we define the coproduct

A:n - dQmn 0l (3.16)

by ey from Proposition 3.13.



182 J.M. Turner ! Journal of Pure and Applied Algebra 134 (1999) 163-206
4. Reduction in the proof of the main theorem

In this section, we use the results of the previous two sections to state a theorem
which allows us to prove Theorem 1.11. First, recall that if A is a simplicial commuta-
tive algebra then S°A is also a simplicial commutative algebra using (2.16). Further if
A is a simplicial abelian Hopf algebra then, by Corollary 2.18, the coproduct induces
a simplicial algebra map i : 4 — S*A. Thus the induced map W, on homotopy groups
is a map of D-algebras. Hence one approach to proving Theorem 1.11 is to determine
n.S?A as a D-algebra based upon Proposition 3.13. For this we now state

Theorem 4.1. Let A be a simplicial commutative algebra. Then for the associated
simplicial commutative algebra S*A the following relations hold in the D-algebra
m,.S%A

(@) For xem, A, 0<i<n, 2<j<n+i

. s—i—1
qmur:Zj(%_j_l>mﬂﬂ@u>
j<2s
(b) For xem,A, yemu,A,2<j<n+m,
gi(x-y)+lx-x0y] i n=0,

Olx, y]= 4 o(x- )+ 6% y-y] i m=0,
o{x-y) otherwise.

(¢) For xemA, yen,A, 0<i<n 0<j<m
0i(x) - 0i(y) =iy j(x- ).

(d) For xem,A, y,ze€m, A, 0<i<n

ai(x).[yjz]:{[x'y,x-z] if i=n,

0 otherwise.
(e) For x,y,z,we n, A
[x,y] [z,w]=[x-z,y-w] + [x-w,y-z].

With this we now pause to prove Theorem 1.11. First, by Theorems 1.3 and 1.6,
n.H is both a D-algebra and an A-coalgebra. Moreover, A4 is a map of simplicial com-
mutative algebras by (2.10) and Lemma 2.14. By Theorems 3.1 and 1.3 we conclude
n.H is a Hopf I'-algebra.

We now proceed to establish 1 and 2 of Definition 1.10. For the remainder of this
section we fix x € m,H and write

hx = X1+ 0(xSq°)
& s

as in (3.15).
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1. The first part is an easy consequence of the fact that 4 is a map of simplicial
commutative algebras. For the second part let y € n,,/{ and write

by=> DLyil+ Za,(xSq ).
!
By Theorem 4.1 we have

(Yux) (w*y)_Zas(xSq )-0:(¥Sq")

*Z > 0ixSq* - ¥Sq")

i>0s+t=1i
iz0 Stt=i

[}

where, herein after

Ylx-y)= Y ail(x- ¥)Sq").

i>0

means “equal modulo [ , ]’s”. By (3.15) we have

The conclusion follows from Corollary 2.17. O
2. Fix 2<j<n. By (3.15) we have

W)= 0,((9%)Sq").
Next, Theorem 4.1 gives us

Ghx =Y a(xi-x)+ Y 80,(xSq")
k s

Skt 5 (4 o
k

s j<2]
_ oo j—i—1 . s
= ;Jj(xk *Xp ) -+ Zﬁ;h <j 2425 —1 ) Ji()j_iﬂ(xSq )

f—i—1 .
S CRARDIA DY (j _]21.+2v 1 ) O—i++(¥5¢")
k i -

2—j<2s

When i <j we immediately get the third equation. When i > j the expression

(5)-(")

gives us the first equation. When /= we just need to verify

! "
&=y ¥,



184 J. M. Turner ! Journal of Pure and Applied Algebra 134 (1999) 163-206

which is just a consequence of Proposition 2.22. Finally, combining Theorem 4.1 and
Definition 1.1 we get

Sax =Y 0 -y )+Z(s 0:(xSq") + Y 0,(xSq") - 5,(xSq")
k

s<t

= Z on(x) - x)) + Z 0n0:(xSq°) + Z Z 6:(xSq* - xSq' ™)
k

i>02s<i
EZO’,,(xk )+Z() as(xSq° )+Za, (ZxSq -xSq'™ ‘)
k i>0 2s<i

and so proceeding as before gives us the remaining equations. The conclusion follows
from Corollary 2.17. This completes the proof of Theorem 1.11. [J

We end this section by describing our strategy for proving Theorem 4.1. Our main
objective is to reduce our computations to ones in group cohomology. For this we
want to follow the classic approach developed by Adem in [1] as made systematic by
Dwyer in [9]. To accomplish this we first note that Theorem 4.1 easily follows from:

Proposition 4.2. Let V be a simplicial module. Then the effect of the map
¢: 88V — §2S,V

in homotopy is given by the following:
(a) For xem,V,0<i<n2<j<n+i

. —i—1 <
d)*bjai(x): Z (25:5' _lj - ) O-i+j—sos(x)-

j<2s
(b) For xem,V,yen,V,2<i<n+m,

ofx-y)+[x-x,dx] for n=0,
¢x0i[x, 1 =4 oix - y)+[0x,y - y] for m=0,
ai(x-y) otherwise.

(c) For xemn,V, yen,V, 0<i<n, 0<j<m,
Pu(0i(x) - g (y))=0i1;(x - y).
(d) For xen,V, vizen,V, 0<i<n,

{[x vx-z], i=n,

otherwise.

u(0i(x) - [y,2]) =
(e) For x,y,z,wen,V,

(%3] - [Zw) =[x -z,y-w]+[x-w,y-z].
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We are now reduced to analyzing the natural map ¢ :5,52 — §2S, of functors on
simplicial vector spaces as induced in homotopy. Unfortunately, this map cannot di-
rectly be described in a way that will allow us to use Dwyer’s techniques for translating
to group cohomology. To get around this, in the next section we use the normalizing
map N : S, — 82 to show that ¢ fits into a commuting diagram involving a natural map
18282 — S282. Using the fact that S°S?V = (V ©4)Ps, where Dy <X, is the dihedral
group of order 8, we show that the map o does have the properties that allows us to
use Dwyer’s techniques and, in fact, easily translate to map of group cohomology that
is computable. In Section 6, we briefly review the techniques of group cohomology
that we need which will be used in the final section to make our required calculations.

5. Further reductions

In this section, we show how translate information from the map ¢ :5,5°V — 525,V
to a new map «:S2S?V — S2S?V whose properties make it much more useful for
calculations.

We start by recalling from Section 3, that we have the norm map

Ny : SV — SV
whose effect is

x-y—=[xy]
Consider now the maps

Ny : 87V — 8282y
and

SNy : 828,V — 8§28, V.

It is well known that stszSzzfsz where 25 sz 1s the wreath product of 2,
and X, i.e. the subgroup of X4 which fits into the split extension

122, x5 522 — -1 (5.1
where, in terms of transpositions, we have

2y x 2y =((1,2),(3,4)),

27 = {(1,3)(2,4)).

Moreover, it is well-known that X, [ %, ~ Dg; the dihedral group of order 8. We thus
have the identity

SISy ~ Sy (5.2)
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Lemma 5.3. There exists a natural idempotent map
o0: SOV — SPvy

such that the diagram

Nay
8,82V —— Sy

S28 YV —— 8Py
SNy

commutes. Explicitly

a=1+r(Z4,D)1(Ds, 24).
The proof will follow from the next lemma.

Lemma 5.4. There exists a natural map
O(H ZSZ(V®2) _)(5QV)®2

such that the diagram
N, 2
S2(V®2) ———— AV
(b/, a//

(21— ——— (S22
&2

13

commutes. Here ¢ is the map of Lemma 2.14. Indeed, we can take
o = §t( 25, 29 X 22)

where the transfer is associated with the diagonal Xy — Z, x Xy and & is the isomor-
phism induced by 1QT®1: V8 — y®4,

Proof. First, we have commuting diagrams
1+(1,3)(2,4
pos 3K 4

Py2 &2

SH{(V®?) — SHV®y
p o2
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and

1,2)) 3.4
e (1+(1,2)) - (1+(3,4)) pad

@2 @2
7y i

(S2l )t A S V)2,
NE

An easy computation shows that the diagram

1,3)(2
pod 1+(1,3)(2,4) v

®4
(2.3) (2,3)(1+(1.3))

paa (HIDNH00)
—_—

commutes, Consider now the map
SAVE2) L pes,
In the group ring F2[24], we have the identity

(2,3)(1 + (1,3))(1,3)(2,4) = (1 + (1,2))(2,3)(1,3)(2.4)
=1+ (L2))(1,2)(3,4)(2,3)

=((1,2)(3,4) + (3,4)X2,3).

187

This shows that the image of the above map is invariant under the action of

((1,2),(34)). We thus have a commuting diagram

SZ( V®2) ve: V®4

’”

¥ (2,3)(1+(1.3))

($2V)2 oy

i
i

defining o’
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Combining these four diagrams and Lemma 2.14 gives us a cube

®4 V®4

™~

S2(V®2) SZ(V®2)

‘ , 84
Vv

SOl

S,V —————— (§V)®

V®4

from which our desired commutative diagram results. The identification of o follows
from our construction and the definition of transfer. [

Proof of Lemma 5.3. Consider the composite

S2S2 VSZ_(“_))82(V®2) L (S2 V)®2.

From Lemma 5.4 and a computation we have
o"(1,2)(3,4) = &(1,2)(3, (22, 22 x 22) = (1,3)(2,4)o".
Thus (1,3)(2,4)a”S?(iy )= o’ S?(iy ). Hence, we have a diagram

SXiy)
SESH(V )————— S2(V'®?)

P o

S8V )y——————(S?V)%2

g2y
By Lemmas 2.15 and 5.4 our desired diagram commutes. From this and the identity
(2,3)(1,3)=(1,3)(1,2) we arrive at the commuting diagram
S2SHVy— V&
a (1,3)+(2,3)
S282(V)— Ve
Clearly 1,(2,3),(1,3) are coset representatives for Dg in 24. Also ((2,3) + (1,3)*=

(1,3)(1,2)+(2,3)(1,2) from the above and the identity (1,3)(2,3)=(2,3)(1,2). Hence
w?=q O
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Corollary 5.5. The following cube commutes:

S,8°V Y
\ . \
¢ S5,(V®) SV
¢II
SZSZV l stzv\ a”

(SZV)m - (SZV)®2

Proof. This easily follows from Lemmas 2.15, 5.3, 5.4, and naturality,. O

Note. The effect of the map
o:SP Y — SPhy
on elements is

([x, v, [z w]] = [[x.2], [y, wl] + [[x, w. [, 2]],
[o(x), (.21 = [[x, ¥], [x, 21},

[o(x),0(»)] — alx, y],

alx, y] — olx, v},

from which we easily verify idempotence. We further note that the module of natural
maps

(—)P% = (—)P*

on the category of 24-modules has as basis the set {1,«}. In light of this, Lemma 5.3
should not be surprising.
Now, by Proposition 3.13 we have

Proposition 5.6. The following are generators of n,S*S*V:
(a) g;0i(x) for xem,V, 0<i<n 0<j<n+i
(b) oix,y] for xem,V, yen,V, 0<i<n+m
() [oi(x),0;(»)] for xem,V, yem,V, 0<i<n 0<j<m
(d) [6i(x),[y,2]] for xem,V, yzenV, 0<i<n
(e) [[x, ¥).[z,w]] for x, y,z,wE T, V.

By Corollary 3.14, the effect of the map

(Ng2y )u i eSSV — 1,828,V
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is given by

5]'01‘()6) - GjO'i(x),

o;lx, y] = gjlx. y],

oi(x) - 0;(y) = [o:(x), 0;(»)],

0i(x) - [».z] = [oi(x), [ 2]),

[x, ¥] - [z,w] = [[x, ¥, [z, w]].
Also, the effect of the map

(S2Ny)s i 1,828,V — 1,88V
is given by

06:0;(x) — 06;6;(x),

ai(x - y) = oi[x, y],

[0i(x),0;(»)] — [o:i(x),0;(y)],

[0:(x), y - z] = [0:(x), [ . 2]],

[X 2 W] - [[x’ y]a [Za W]]
Further, by Proposition 3.13, the effect of the map

(Saiy )s 1 S STV — 1,55 (V®?)
is given by

5j(x®x)5 i:lx|,
0;0:(x) { 0 otherwise,

Oilx,y] = 8;(x@y + y®x),

(x®x)-(y@z+z@y), i=|
O't(x) [%Z] - {0 otherwise,

[x,y] [zw] = (x®@y+y®x) - EROwW+w2).
Also, the effect of the map

(is.0 )e: TS SHV — m($2V) @2
is given by

Si(x)®6;(x), i=I|x[+J,
0 otherwise,

6;0,(x) — {
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(x-»@&-y), i=kl+1yl,
oix-y) = {O otherwise,

[0:(x).0;(3)] = 0:(x) ® 6,(y) + 0;(x) ® di(x),
[0:(x), - 2] = &:i(x) @ (¥ - 2) + (¥ - 2) ® 0ilx),
[x-pz-wl=(x-y)@E -w)+(z-w)®(x- ).
From this we conclude that the map
(S* Ny ) @ (i, )n : S22V — 1,828V & 1, (S, V)2
is injective. We are thus reduced, by Corollary 5.5, to computing, in homotopy, the
maps induced by o and ¢”. For this we have
Proposition 5.7. Let V be a simplicial module. Then the effect of
% S8V — 1,818V

is given by
(@) For xenmn,V,0<i<n 0<j<n+1,

s—i—1
%.0,01()= > <2s ~j—1 > 0

j<2s

(b) For xem,V, yen,V,0<i<n+m,
x.0ilx, y] = ailx, y].

(c) Forxemn,V, yen,V,0<i<n 0<;<m,
a:[0i(x),0;(¥)] = 01y[x, y].

(d) For xen,V, vzen,V, 0 <i<n,

. oi(x), [v.z]] = { (x ylIxz]l  i=n,

0 otherwise.

(e) For x,y,z,wen,V,
ae[[x, ¥1, [z, w]] = [[x, 2], [y, wI] + [[x, w]. [y, 2]].

Proposition 5.8. Let V be a simplicial module. Then the effect of
PL SV E?) — m(S2 V)P

is given by
(a) For xemn,V, yen,V, yen,V,2<j<n+m,

6]x®(yy)’ m:O’
ix@y)=1¢ (x-x)®8,y, n=0,
0 otherwise.



192 J.M. Turner!Journal of Pure and Applied Algebra 134 (1999) 163-206

(b) For x,y,z,wen,V,
Hxep)-Eow)=(x-2)0(y-w).

We will actually prove a much more general result then Proposition 5.8. To state it
we first need the following set up.
Let ¥ and W be modules. Then the map

1QTRLVIWRVOW - VRVeWwW
induces
3 SV OW) =SV @S W.

Following the proof of Lemma 5.4 verbatim gives us

Lemma 5.9. There exists a map
7 SHV QW)— SV @8*W
such that the diagram

Nvgw

S (VW) —————— SH VW)
(,)// 5//

SV R W ——————— STV RSW
NvgNw
commutes. Indeed we can take
7' = et(2r, 27 X 27)

as in Lemma 5.4.

Proposition 5.10. Let V and W be simplicial modules. Then the effect of
8 SV RW) = SV ®SHW

is given by
(a) For xem,V, yen,V,2<j<n+m

—n 5jx®(yy)a m:()y
$.6,(x@y)=4q (x-x)®d;y, n=0,
0 otherwise.

(b) For x,zen.V, ywenW,

PR Y) - E®W=(x-2)®(y-w).
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Clearly Proposition 5.10 implies Proposition 5.8. Finally, Proposition 4.2 follows
from Lemmas 5.3 and 5.4, Propositions 5.7 and 5.8. The proof of Propositions 5.7 and
5.10 will be given in the last section.

6. Recollections on group cohomology

In this section, we gather the tools necessary for proving Propositions 5.7 and 5.10.
The key is the following theorem found in [9].

Theorem 6.1. Given a simplicial module V and a subgroup G < X, there exists a
natural homomorphism

wG 05Oy — @ HNG: mikVE™)
0<k

such that for a subgroup H < G

HGHYWO =wH G 1), i)W =wOuH,G).
The usefulness of the map of Theorem 6.1 is now made precise by the following.

Propesition 6.2. For any simplicial module V, the natural homomorphism of
Theorem 6.1 is injective for the group X,.

Note. Theorem 6.1 is different from Proposition (5.1) in [9] in that the source in-
volves SU. One can obtain our map directly from Dwyer’s construction by ignoring
the introduction of the norm element. Furthermore, Proposition 6.2 is a strengthening of
Lemma 5.11 in [9] and, as such, we present its modified proof making liberal reference
to section 5 of [9].

Proof. We first prove the result for ' =K(n) the Eilenberg-MacLane object. From
[9] we have

0, s<n,
Ny(K(n)® K(n))= § nonzero, n<s<2n,
0, 2n<s.

Let C be the X;-chain complex such that

Fa[22){xs), n<s<2n,
Cs = [Fz <y>, n=s,
0 otherwise.

If we write 2> ={1,T}, then the differential & on C is given by

Oxs1 =1+ Tixs, n<s<2nm,
0xpp1 = y.
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Write =, K(n)=[F{a) and define a map
f:C—oNEK(n)®K(n))
by

Xy — DZn—S(a®a)’
Yy — du(a@a).

By Proposition 3.3 of [9] this is a map of X2,-chain complexes. Moreover, it is a
quasi-isomorphism. Let F be the functor H%(X,; —). We wish to compute

H,F(C)— R"F(C).
To do so define the complex c by

- Fo[22](Xs),  s<2n,
Cs= .
0, otherwise

with differential & given by E%H =(1+ T)x;,. This is clearly a free X,-chain complex
and the map

C—C
given by

Xy — /X\Sa

is clearly a quasi-isomorphism. Thus, ZF(C)=F (6 ) and an easy calculation gives
that

H,F(C)— RF(C)

is an injection for all s.
To obtain the general case, we first take ¥ so that NV is bounded above. Then we
have a weak equivalence

P k) — V.
&%
Thus it suffices to show that if ¥2? is injective for W, and W, then it is injective for
W, & W,. First, we have a decomposition of
N((W & W) ® (W @ W2))
as
NW,QW))®NW,@ W) S N{(W, QW) ® (W,& W1)).

Since the last summand is ,-free and since %22 respects this decomposition, injectivity
follows. A limit argument completes the proof. [
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Corollary 6.3. For any simplicial module V, pG s injective for G =2, x X, and
G=2; [ 2,

The proof is just a specialized adaptation of Lemmas 5.12 and 5.13 of [9].
We now review some basic tools from the cohomology of groups (see [5] or [11]).
Consider the extension of finite groups

K—G—>»Q.
Let M be a G-module. Then we have a first quadrant spectral sequence
Ey*=H"(Q;H*(K;M))=H*(G; M). (6.4)
Here H*(K;M) is a OQ-module since we have the functor
HYK.-): %5 — {79}
To make this spectral sequence useful we have

Lemma 6.5. Given a diagram

K —» G —-» @

l l l

K » G -» Q’
whose rows are extensions then the induced map
H*(Q'; H(K';M))— H™(Q; H*(K; M)

is a map of spectral sequences for a Q-module M. Moreover, the induced map on
E, is compatible with

H*(G';M)— H*(G; M).
Further, if the vertical maps are injective, then the map
HY(Q;HY(K; M) — HY(Q'; H'(K'; M)

induced from the associated transfers, becomes a map of spectral sequences. Again,
the induced map on E* is compatible with the associated transfer,

H*(G:M)— H*(G'; M).

Let H,K be subgroups of a finite group G. A double coset representation of G with
respect to H and K is a subset S C G such that

G= U HeoK
geS
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and is minimal among all such subsets. Next, if x € G and J < G define the conjugation
map
ceJ —xJx!

by ¢o(u)=xux"".

Proposition 6.6. Let S be a double coset representation of G with respect to H and
K and let M be a G-module. Then for o € H*(K; M)

G, HHK,G)(a) = Z H(HNxKx~ Hr(xKx~" HNxKx™ ey(a)
xes

= t(H NxKx~' H)er(K.x ™ Hx NK)(a)
xeS

holds in H*(H;M).
Finally, we recall (see [5, p.256]) that if u € H*(K; M) and x € H*(G; M) then

HK,G)(r(G,K)u) -x]=u-t(K,G)x. (6.7)

7. Final proof

In this section, we prove Propositions 5.7 and 5.10 using the methods of the previous
section. First, we need some basic results to facilitate our computations.

Let K(n) be the Eilenberg—MacLane module so that n,.K(n)=F,{a) where |a|=
n > 0. Then by Proposition 3.13

Faloi@), *=n+i 0<i<n,
2 ~ 2
. SK(n)~ {0’ otherwise.

Also H*(Z,;Fy)=[F;[w] where w is dual to the generator H,(23;F,) ~ [F,. We then
have

Proposition 7.1. Under the homomorphism
P2, 82K (n) — H*(Z3;Fy)

of Theorem 6.1
Y2g,(a)=w"""

forall 0 <i<n
Proof. This follows easily from Proposition 6.2. [

Now, take K(m) so that n,K(m) ~ [F,(b) where |b|=m > 0.
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Proposition 7.2. Let M be the Xy-submodule of m.(K(n) x K(m))®2 generated by
a®b. Then

0, i>0,

H'(ZnM)= { Fo(¥W*[a,b]), i=0.

Proof. For i>0 this just follows from the fact that M is a free X,-module. For i =0
we note that under the projections

SYH(K(n) x K(m)) — S*K(n),

SPHK(n) x K(m)) — S*K(m),

[a.b] projects to O in homotopy. Hence, by naturality and Proposition 6.2 the result
follows. [J

Proposition 7.3. Consider the extension
Xy XXy > Dg —» Xy,
Then for a simplicial module V
H*(Dy; ¥ #) o HY (23, H' (Zg3 .V #2)2),

Moreover, we have a factorization

w08
TSPy » H*(Dg; ..V ®*)
.82tV
i
H*(Z7;m,(5V)®?) H*(Z3; H*(£4; 7, V®%)®%)

H~(Iy (¥ 12)®7)

Proof. Define functors
F 1 6p,— €,

and
F 1€y, — (modules)

by /i =H%(Z; xZy;—) and i = H(Z,; —). Then F, preserves injectives and Fy o F| =
H%Dy; —). So by (5.8) of [9),

H(fy 0 ) = RF; 0 RF,.
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Thus, it suffices to compute H,(#F o ZF) for NV®4, Since we have an equivariant
equivalence

NV® 5 (n, V)%

and since Z#F is X,-equivalent to ZF Q@ AF» we conclude that we have a
Z,-equivalence

RF(NV®YY - H*(Z; 1, VE?)®2
so by (5.10) of [9]
H,((RF o RF)(NVE*)) ~ H*(Z5; H*(Zy; m, V82)82),

The identification of ¥”¢ follows, again, from (5.8) of [9]. O

Note. The identification in Proposition 7.3 can also be worded to say that the spectral
sequence (6.4) collapses at the E%-term. We also note that this identification gives us
a choice of representatives for the generators for the cohomology of Dg, but we will
see that in most cases the spectral sequence (6.4) has only one nontrivial column or
row at E?, forcing our hand.

Before proving Proposition 5.7, we note that by Lemma 5.3 and Proposition 6.1 we
have

0, PP = WPsy, (7.4)

Also, combining Lemma 5.3 and Proposition 6.6, we have

Proposition 7.5. Let A < Dg be the subgroup (2,3)Ds(2,3)N\ Ds. Then the map
s H*(Dg; 1, VO — H*(Dg; 1, V)
satisfies the identity

oy = 14, Dg)ce3yr(Dg, A).

Now, we proceed to prove Proposition 5.7. To do so we exploit naturality using the
representability of homotopy (see [12]) and reduce to universal examples. To this end
we fix the following throughout:

nK(m)y=F{a), |a=m,
nK(n)=F (b}, |b|=n,
Tf*K(P):[F2<d>’ |d|=p,
TI*K(Q)Z[F2<€>, |e| =49,

where m,n, p,g > 0.
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Proof of Proposition 5.7. part (a): First, since A=2, x2Z,, H*(4;F2) ~ Fa[vy,v2]
where v, v € H'(4;F>) is dual to the elements of H (4;F,) associated to the gener-
ators of 4. We now summarize a result in [9].

Proposition 7.6. There exist elements x,y € H'(Dg; F,) and z € H*(Dy; F,) such that

1. H*(Dg; Fy) ~ Falx, y,2])/(xy),
2.

r(Dg, 4)x = vy,
HDg, A)y =0,
r(Dg, 4)z = v1(0) + 1),

—1—1
(A,De Y= (m ; )xm—lel’

0<2l<m
14, Dg s = 0.

Proof. (1) Follows from Proposition 7.3 plus a determination of extensions which is
performed in [1].

(2) Is another calculation done in [1].

(3) Is a computation performed in [9]. O

Proposition 7.7. Under the homomorphism
P8 1, SPEK(m) — H*(Dg; Fy),

¥P4g,6,(a)=x""""Iz",

Proof. As shown in [9], under the identification of Proposition 7.3, x” is the element
w’ in H"(Z3, H'(Zy; 1K (m)®?)®?) and 27 is the element w” @ w” in HO(Zy; H(Z;
TomK (m)®2)®?), The result now follows from Propositions 7.1 and 7.3. O

Before getting to our main computation, we need

Lemma 7.8. Let N € Z and a > r > 0. Then

= ()-0)

Proof. This follows from an easy induction on r using the general Pascal’s
identity. [

Now, combining (7.4), Propositions 7.5, 7.6, and 7.1 we have

W50, 00,(a) = o, (x" ")
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= 1(4,Dg)ca,3)H(Dg, A)(x°z")
= (4, Dg ) 3 (v3v(v1 + v2)")
= t(4, Dy )(vivy(v; + 02)")
t _
=t(4,Dg) }: <k>ﬁ” pitk (7.9)
0<k<r

Here we have the identity s=m + i — j and t=m — i. We have also slipped in
2,30 =02,
Now, by (6.7) and Proposition 7.6, (7.9} becomes

b <,t€> 1A, Dyt F o

0<k<1
_ LY ik st+i—k—1—=1\ oy k2
2 (e e

0<k<t 0<2l <s+i—k

Z E (’)(S‘H—k—l—l) sH2=2L
k /

0<2l<s+t \0<k<s+t—2!

Z Z (/i) (S+t—/;_l_l> xS+2t721217 (7.10)
0<k<t

0<21

I

where the last equality follows since k <s + ¢ — 2/. Now, for each k

s+t—k—1—1\ [(s+t—k—-1-1\ _ —1-1
/ T \sH4+t—k-21—-1) \s+t=21—k—1/"

Applying Lemma 7.8, we obtain

3 t\ (stt—k—1-1\_ ([ t—1-1
k { C\sHt=20—-1)"°
0<k<yt

Thus, (7.10) becomes

t—1-1 s+t=21_1 _ s—i—1 n—i—j+2s _n—s
> <s+t7ﬂ—l>x Z”*z: 25—j—1)" z
021 <5+t j<2s

upon letting /=n — s.
Combining Proposition 6.1, (7.4), Propositions 7.5 and 7.7 we arrive at our desired
result.

Proof of Proposition 5.7. parts (b) and (c): As before, it is sufficient to prove it for
the case V' =K(m) x K(n).
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Let N be the X;-submodule of m,(K(m) x K(n))®* generated by a®a®b®b. As
such N is a direct summand of 7,(K(m) x K(n))®* as a X4-module. Further, as a
Dg-module

N=N,®N,,

where N; is generated by a®@a®b® b and N; is generated by aQb®a®b. Now,
writing the extension of (5.1) as

B> Dg —» 25,

where B={(1,2),(3,4)) = X; x X, then N is a direct sum of two trivial B-modules.
Thus by the Kunneth theorem

H™(B;Ny) ~ H™(B,Fy) @ H*(B; F2) ~ Fo[(), (51 & B2 {1, {7 ).

Here X, acts by exchanging summands, which is a free 2,-action. Hence, (6.4) implies
that

H*(Dg; Ny) ~ H (23 H*(B; Ny)) =~ Fa[{1, 6],

where (| corresponds to {} & {{ and {, corresponds to (& (Y, |{1|=1=1{|.
Next, N, is a free B-module so by (6.4)

H*(Dg; Ny) =~ H*(Z2; HY(B; Ny)) = F2[¢]

with [ =1.
Now, we have an extension

22 — A > 22
so that
H*(4;Ny) = HY(Z, H* (2 N)) = Fa[n], 0| =1,

since NV, is a direct sum of two trivial 2;-modules with respect to the inner X;-action
and so proceed as above. Now, N, factors into Nj ®NJ' as A-modules where N is
generated by a®@b®a®b and N’ is generated by a bR b®a.

Thus

H*(4;N) = B[l @ Fa[2] [Al=1 i=1,2
by a computation as above.
Proposition 7.11. (1) Under the map r(Dg, A): H*(Dg; N)— H*(4;N)

{1 —n,
Lh—m,
E— A1 D As.
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(2) Under the map cp 3y H*(4;N)— H*(4;N)
n— i
Ar— g

(3) Under the map t(A,Dg): H*(4; N)— H*(Dg;N)
n—0,
K=,
Bt

for all r>0.

Proof. (1) Consider the diagram of extensions

EzHA—» 22

sl L I

BHDg—» 22

where ¢ is the diagonal map. This induces
H(Z2; H* (B N1)) — HY (20, H (22, M)
and
H*(Z3;HY(B; Np)) — H (22, H (23, Na)).
These are the restriction maps
H*(Ds; Ni) — H*(4; N;)
for i=1,2, by our above computations and Lemma 6.5. The first restriction is an easy
computation. For the second restriction we have HYB;N;) ~ F, and HY(Z3;Ny) ~

F» @ F, so that the induced map F» — F, @& [F, is the diagonal map.
(2) This is an easy consequence of the fact that

ca, N1 = N3,
C(2’3)N2” :Né’.

(3) First, N, is a free B-module so that #(Dsg, B) is trivial on H*(Dg; N,) in positive
degrees. Next, Ny is a direct sum of two trivial B-modules thus

H*(B; Ny) =~ Fa[y1, 721D F2lo1, 92]

where |y;| =1=¢;|, i=1,2. From the diagram of extensions

B~ B —» 1

A |

BHDS—» Zz
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and Lemma 6.5, the restriction map r(Ds,B) on H*(Dg; N|) is equal to the inclusion
H(Z5; H*(B;N\))— H*(B; N1).

Thus
r(Ds; BYG G =717, @ 013

We now pause to bring in the transfer

Claim.

*(Ds, B)t(4,Dg) = 0.

Proof. By Proposition 6.6
r(Dg, B){(A,Dg) =t(I,B)r(4,1),
where
I=4NB.
Since { is a factor of B,r(B,]) is onto, but #(Z, B)r(B,1)=0 so that #({,8)=0. O
From this claim and our computations, we conclude that
H4,D3)h =cil’,
¢; € Fa, i=1,2. From Proposition 6.6, we have

r(Dg, A)t(4,D8) =1+ c(1 ).

Since
(1,2)N; =Ny,
(1,2)N] =Ny,

we get that under r(Dg, A)t(A4,Dg)
AL — A A
So ¢;=1 for i=1,2. Finally, t(4,Ds)4" =0 since %" is in the image of r(Dg,4). O
Now, the relevance of the module N comes from

Proposition 7.12. (1) For 0<i<m, 0<j <n,

P4 [ai(a), 0, (D) =7 € H*(Dg; Ny ).
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(2) For0<i<m+n
¥P4a[a,b) =& € H(Dg; N2).

Proof. These follow from Propositions 7.1-7.3. [J

Combining Corollary 6.3, (7.4), Propositions 7.5, 7.11, and 7.12 gives us our desired
result.

Proof of Proposition 5.7. part (d): Again it is sufficient to prove the result for V =
K(m) x K(n) x K(p). Let N be the Z4-submodule of 7,V ©* generated by a®a®b
®d. As such it is a summand of the X4-module 7,V ®4.

Propeosition 7.13. For all 0 <i<m

PP4[5i(a), [b,d]) € H"'(Dg; N).
Proof. Again, this is a computation utilizing Propositions 7.1-7.3. []

Now, since N is a free 4-module, then by (7.4) and Proposition 7.5 the result
follows from a computation utilizing Proposition 3.13 and Corollary 5.5.

Proof of Proposition 5.7. part (e): Let V=K(m) x K(m) x K(p) x K(q) and N the
2 4-submodule of 7, V®* generated by a® bR d ®e.
Proposition 7.14.

¥P{[a,b],[d,€]] € H"(Ds; N).

Proof. Combine Propositions 7.2 and 7.3. [J

N is 24-free so another computation using Proposition 3.13 and Corollary 5.5 gives
us our result.
This completes the proof of Proposition 5.7.

Proof of Proposition 5.10. (a) It is sufficient to prove the result for V' =K(n) and
W = K(n). Suppose n,m>0. Then
(Ny @ Ny )u: 1SV @ W — n.S*V @ W

is injective. Thus, it suffices to compute &,. By Theorem 6.1 and Lemma 5.9 our con-
clusion follows from ¢(X;,2; xX;)=0 since r(X; xX3,2;) i1s onto H*(Zy; =,
(V ® W)®?). Suppose n=0. Define

SN W —-5(VW)
as the unique simplicial map such that

(xY)Rb — (xRb)y @ b).
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Also define
LSV W — (S V)R (W)

as 1 ®1 (see (2.6)). Then the diagram

‘ S (VW)

n

(V)W e
\'SZV®SZW

commutes. A computation gives the result. The case of m =0 is the same.
(b) This is an easy computation using the diagram

(VRIW)Er —— s S (VRW)

1 ® T ® 1 5// . D
(V)@ (W®?) SV @S, W
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