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-AN APPROXIMATION THEOREM IN SHAPE THEORY

Gerard A VENEMA** e ) ,
Department of Mathemaucs, alwn College, Grand Rapids, MI 49596, USA

Received 27 February 1981

In this paper it is shown that if X is a compactum in the interior of a PL manifold M and if

- U is a neighborhood of X in M, then there is a compactum X' in {’ such that X and X' have

the same relative shape in U and the embedding dimension of X' equals the fundamenta;

dimension of X. Whenever the dimension of M is not equal to thi ze, the re.ative shape equivalence
from X' to X can be realizad by an infinite isotopy of M.

AMS {1980) Subj. Class.: Primary: 55P55, 57TNi5; Seccrdary: 57Q30, 57Q5S, 57N60

shape theory wild embeddings Euclidean space tame approximation
embedding dimension  fundamental dimension  inessential loops condition J
introduction

Suppose X is a coinpacium embedded in the interior of a piecewise linear (PL)

n-manifold M". In [8] and [9] a condition on the embedding of X into A" (called
the inessential loops condition {8]) was studied. It was shown that for compacta X
which satisfy tiis condition ihere is a strong connection between the shape of X
and the geometry of neighborhoods of X in M". The question naturally arises
whether it is reasonsbhle to expect an embedding to satisfy the inessential loops
condition. In this note we answers that question by showing that, in the shape
category, every embedding vf 4 compactum can be approximaied by one for which
the embedding dimesion is equal to the fundamentai dimension (definitions below).
In particular, if the fundamental dimension of X is less than or equal to (n —3),
thein X can be approximated in the shape category by compacta which satisfy the
inessential loops condit:on (by general position).

Theorem. Suppuse X is n compactum in the interior of the PL n-manifold M. Then
for every iicightorhnood U of X in M there exzsts a compactum X'< U such that

(a) dem(X")= Fd(X), and

(b) X and X' hove th2 same relative shape in U.

* Bogsearch partiaily supported by grants from the Naticnal Science Foundation.
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The author would like to express his thanks to Mike Starbird for many heipful
conversations regarding this paper. The idea of stating a shape approximation
theorem in terms of relative shape was suggested by L. Ivansié.

Remark. The approximation theorem together with the addendum below and the
main theorem of [9] give a theory in the shape category which is exactly analogous
to the demension theory of Stanko [7] in the topologicai category.

Addendum. If (n, Fd(X))# (3, 1), then there exists a map H: M x [0, co}-> M such
that

(c) the maps {H,| U}~ form a relative fundamental sequence from X' to X,

{d) each H,: M -» M is a L komeomorphism, and

e} for each neighborih od W of X there exisis an integer i such that
supplH, o H,; ' Yyc Worall 1 =,

The following consequerice of the approximation theorem was pointed out to
the author by Steve Ferry. The result was previously known to R. Gzoghegan and
1. Hollingswortk. The analogous statement in codimension ons is not true [3].

Corollary. If X cR" and Si ()= Sh(K) where X is a compactum and K is a finite
polyhedron of dimension k < -3, then there exists a finite polyhedron K' < R" such
that dim K' = k and K' has :hc simple-homotopy type of K.

Definitions. For ocur purposes, the follcwing Jdefinition of demension {=dimension
~7 embedding) is most covenient. If X is a compactum in the interior of a PL
manifold M, then dem X < k if for every £ > 0 there exists a compact k~-dimensional
polylideron K and a regular neighbo . hood N of X such that X <int N and N+is
an ¢-mapping cylinder neighborhooa of K.

If X is a compact metric spacc (=compactum), then the fundamental dimension
of X is defined by Fd(X)=min{dim Y| Y is a compactum with Sh(X) =< Sh(Y)}.

The reader is referred to [2, pp. 267 and 268] for the definition of relative shape.
The idea is that two subsets X and X' of U have the same relative shape in U if
there are fundamental sequences from X to X' and from X' to X which map U
to U which are mutual inverses and are homotopic to the inclusions in U. The
relative shape depends not only on X and X", but also on U and the embedding
of X and X" in U. See [1] for ali other definitions related to shape theory.

Proof of the Theorem. et k = Fd(X).

Case 1: k2n~2, (n,k)#(3,1). In this case, X =|{");», N; where each N;c:
int Nye Ny U and N, is a regular neighbrriiooc of a compact polyhedron
K; with dim K, =< k [9, Theorem 1.4]. There exists a PL homeomorphism h: U > U
such that h, is isotopic to the identity, by ! K; = id and h1(N:)is a }-mapping cylinder
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ne;ghborhood of K. Similarly there exists a PL. homeomorphism A, such that

hs e hi(Na) is a -mapping cylinder neighborhood of f,(K>) and inductively there
exists an &; such that A o -+ + < h,(N}) is a (1/2')-mapping cylinder ne ighborhood of
hicyer o hi(Ko). Let X' =(\Z hyo- <o hy(N). O

Case 2: (n, k)= (3, 1). By [9, Proposition 2.1] there exists a sequence of neighbor-
hoods {U;}i=o such that Uo-— U, U< U, and the inclusion map U, < U, is
homotopic in Ui, to a map 8;: U, - K, where K, is a 1-dimensional polyhderon in
Ui-1. By general position we may assume that 8,|K,,, is an embedding; in fact,
that g; is a homeomorphism on a small regular neighborhood N,y of Xi,;. Let
X' =21 B1°B2o - o filNisy). O

Case 3: k <n—3. By[9, Proposition 2.1] again, there exists a sequence {U,};~o of
aeighborhoods of X and finite k-dimensional polyhdedra K; < U, such that U, =
L/, Ui < U and for each i <0 there exists a homotopy fi: Uiy %10, 1]+ U, such
that fi(x, 0)=x and fi( , 1) e X for every x € U,..;. For each i =0, we amalgamate
Kiks Kik+1s+ o o » Kig+x -1y to form a k-dimensional polyhedron L; as follows:

(1) Let Li; = K1) k-1

(2) Inductively let

=K oty U fasnre— i LED X0, 1D w Ty for2s<jsk.

{3) Define L; to be L;,.
Here the superscript (k —1) denotes the (k — 1)-dimensional skeleton. The maps
car be adjusted slightly so that each L,; is a polyhderoa. Let U; = U,., and define
Bi:Ulir = Ly by Bi(x) =firk -1y (x, 1) for each i =0.

Engulfing Lemma. For every polyhedron Pc U, with dim P <k and for every
regular neighborhood N of L., there exists a PL isotopy h, of U with compact support
such that ho = id and hy{N)> P. Furthermore, h;' | P is homotopic io ;| P ir N.

We will assume the Engulfing .emma for now and finish the pro~f of Case 3.

Let N; be a regular neigliborhood of L; for each i. By the lemma (with P = L,,,},
there exists a homeomorphism g;: U; » U such that g:(L;.))=N; and gi|L.., is
homotopic to 8;|Li+1 in N By meking N;.{ smaller if necessary, we can arrange
that g;(Ni.1) < N; and that g; | N, . 1s homotopicto 8;| N, in Ni. Define Gi: Ny« =+ Ny
by Gi=go°gi°" - °g and let X' ==();o.; Gi(Ni.1). The regular neighborhoods N,
can be chosen inductively, as the lemma is applied, so that dem X' = k. We miust
check that X and X' have the same relative shape in U = U.

Now X ={\., Ui and X' = ﬂim Gi(Ni+1). We defhe raps f;: /1.1 = Gi- I(N,
and fi: Gi(Niv1)» Uisy by fi=Gi—1° B; and f; = ! Since all tk= maps g, g7 ' and
B: are homotopic to the inclusions in U, we have that f; and f; are homotopic to
the inclusions in U. Furthermore, f; © f: G;(Ni.1) > Gi-1(Ni) is equal 10

Bo®£1°° " ' ° By °'ﬁ1°g?1‘° 81"—"1“” e s gg;'l ogal
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anid thus is homotopic to the inclusion-in G;_1(N;) by: oonstmctlon of gi The map
fi-1 o fi: Uit = U1 is just B; and consequently is homoto{nc tu the mciusmn in Uy
Since Broy:Ul.y » Ny = Ulyy is hiomotopic-to the mclusm ind . ﬁ.[Mﬂ 18
homotopic to g;| N1, we have that f. is homotoplc tofi[tliz in'G H(N,) Also
fi+1 is homotopiz to fi| Gi.1(Nis2) in Uy, because g ls}aomotoplcto the ldentlty
The telative fundamental scquences needed to complete the proof are NOw.
constructed by carefully extending f, an< £} in the usual way (usmg the homotopy
extension property). [J \

Proof of the Addendum. In the proof above, fi = G;* "=""g{1'° gitier vogs! and
cach g; ' is isotopic to the identiy in U/ via an isotopy with compact support,
Hence we can define a map H: M %[0, )M by ietting H[M x[i,i+1] be g/’
composed with the isotopy between the identity aad g;.'\. The map H has the
property that cach H:M »M defined by H,(x)=H(x,¢) is-a PL homeo-
morpism, [

Proof of the Lemma. We use ail the notation from the proof of Case 3 and also
lsi Ly = 9. We actually prove the following inductive statement.

If p=<k, a finite p-dimensional polyhedron P= U\..., can be eng:dfed with N
keeping L, , fixed.

If p=0orif p=k=1, the result is easy. Suppose p =1 <k, We must construct
a homotopy of P intc N which keeps P~ L., fixed. There is a homotopy of P
in'o N which keeps Py L4, in N first push P~ L, -, along L, .1 until it is near
1'% { and then use the homotopy fi.. to pull P into a neighborhood of K., By
squeezing out the fibers of that homotopy which lies over PNL,,_,, we get a
homotopy g: P x[0, 1]= U; such that go=id, g:(P)< N and g(x, f) = x for every
xePnLy.q. Put g in general position on (P-L,i. 1)x[0, 1], keeping g((Pn
Lii 1) %[0, 1]) fixed. Then 7 will embed (P~L.4-1) %[0, 1}in U] = ix-1. Push N
out along that embedded homotopy to engulf P.

Now suppose that p<k and that the inductive statement above is true for
polyhedra of dimension p’ < p. First construct a homotopy

g:PV' {D’ 1]" UI-kaH)

such that go =id, g|(P~ Lix ) X[0, 1] =id, and g(P+{1}) < ;4,1 (just as above).
Put g[{P~-Lix ,) %[0, 1] into generai position, keeping
gUPAL, ) x[u, 1lugPx{1))
fixed and let
§ = S(@ P~ Liu-p) X0, 1D U g (G(P~ L) X[0, L) Lisy).
Then .
dmS<(p+D)+k-n<(p+1)+(n-3y~n=p~2,
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Let 2 denote the shadow of §. We have dim £ < p - 1. By indhuction, there exds
an isotopy A} of U} such that BN = g(E) and AL oo =i Thus giP x {1}
Z)=hi(N). But

_ .‘g(PX[D, l»])\g(Px{l}u}.' GPALg - X6 1D
and o
gP XU EG(PALix-p}x[0, 1} 2g(Px[0, I1hrLi -

and so we can find the isotopy needed to finish the proaf of this case by naply
following the inverse of the collapse.

Finally, suppose that p=x<n-3. Let g: Px{0, 1]= U(,. 0001 B2 2 humotopm
such that go=id and g,(P) = g;i(P)= Kii. ra-1. Put g in general posit » keeping
g(Px{1}) fixed. (Recall that L; ., =#.) By Zeeman's Piping Lemma [10, Lemma
48], g can be adjusted so that there is a polyhedron J = P x {0, 1] such tha:

(1) 3(z)<=J,

(2) dimJ<sk-1,

(3) dimJ A(P* V%[0, 1)) <k ~2, ana

@) Px[0,11%J UP* " x[0, 1] P x{1}.

Let X denote the shadow of J ~(P* "V x[0, 1]). Note that

Px[0, 1]P* %[0, 1JUPx{1}uJ P x{}UI LT

by property (4) and the definition of X, Properties (2) and (3) imply thatdimi S ) =
k — 1.By induction, there exists an isotopy A, of U; suchthat by =id, A1iN) oS J
and h:|Liy=id. Thus g(Px{1}uEul)<hi(N) and we can eagulfl the rest of
g(P [0, 1]) by following the inverse of :he collapse of Px0, 11te Pl X ol

The proof of the inductive statement is now complete. To finish the proof of the
lemma, we merely observe that in the last case (in which P< U}, ,) the isatopy A,
constructed has the properties that A (N} = g(Px[0,1]) and kg (/1 =id Since
o |P=B;|P, we have that ;' | P is homotopic to '8P =8P in N. O

Proof of the Corollary. If n <35, the coroilary is obvious because K can be embed-
ded in R" by general position. Suppose X <" where Sh(X)=ShiK)and K is a
connected finite k-dimensional complex, k <n -3, n 26, By the theorem, there
exists X'<=R" such that Sh(X"') = Sh(K) and dem X' < k. By {4, Tacorem 2.5}, X’
has an I-regular neighborhood U in R". The neighborhood U has one¢ end # and
mi(e) = m(U - X" = m(U). By [5, Proposition 6.11}, the obstruction to finding a
collar for ¢ is cqual to the obstruction te I/ having finite type. But {/ is a complex
andso U has the homotopy type of X which means that the obstruction vanishes,
Let M be a compact PL manifold equal to U minus an open collar of &. Then
X'=Misa shape eqmvalence By the main theorem of [6), there exists a finite
‘polyhedmn K'c M such that dim K’ =k and K and K’ bave the same simple-
hnmotopy type D
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